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Column 7 is the product of the values in Columns 4 (the cosine curve and 5
(the data).

Now you total columns 5, 6, and 7.

Vhat you are striving to do is to find the sine curve and the cosine curve
vhich, vhen combined into a sine-cosine curve, will most nearly fit your data.
You can't change the shape of either sine curve or cosine curve, but you can change
their amplitudes. By getting the proper amplitude for the sine curve and for the

cosine curve, not only will the sine-cosine curve have the proper amplitude, but
it will have the proper thase as well. '

I'11l tell you howv to get these amplitudes in a mimute, but for now let's go
on wvith a description of the table.

A is the symbol uded to denote the amplitude of the sine. It turns out to be,
in this example, 15.529. Column 8 then is merely 15.519 times the various values
in Column 3 (the values of the sine curve wvith an amplitude of 1). Column 8 is
therefore merely a sine curve with an amplitude of 15.519.

B is the amplitude of the cosine. It turns out to be, in this example,
4,9133. Column 9 is merely 4.9133 times the various values in Column 4. Column
9 is therefore mcrely a cosine curve with an amplitude of 4.9133.

Column 10 is the combination of the sine curve of proper (15.519) amplitude

(Col. 8) and the cosine curve of proper (4.9133) amplitude (Col. 9) and the aver-

age value of the Y values (100). It is your answer. It is plotted in Fig. 9 by
means of a broken line,

Now, hou do you get your A and your B1

A is the sum of the sines times the Y values (186.23) divided by half the
number of terms (12).

;&;S_égz = 15.519

B is the sum of the cosines “imes the Y values (58.96) divided by half the
number of terms (12).

53.55 = 4.9133
12

Basy, isn't it?

e E———— S— E—————

¥When I spoke of the chare of sine and of cosine curves I referred to their
mathematical characteristics. Visually one sine curve (or one cosine curve) may
look very different from another. See Fig. 10. All of the curves in Fig. 10 are
sines, but of different period and/or amplitude.
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Sines and josines as Percentages of Perigons

Instead of using 3600 to represent the entire wave it 1s often easier to con-
sider the vhole vave as 100%. Uhen you do this, 25% corresponds to 90°, 507 to 1800,

etc. The whole 360° is known as a perigon.

A table of sines and cosines expressed as percentages of perigons is appended
as a supplement.

Amplitude £ 3ino-Cosine Curves

The overall amplitude of the sine-cosine curve is twice the square root of the
sum of the squares of the amplitude of the sine and cosine curves vhich were
combined to create it. The formula 2\1(2 7[ BZ, In the example given

32.6 = 2+(15.519)¢ £ (4.9133)2,

The value of 32.6 is the overall amplitude (116.3 -~ 83.7 = 32.6).

—— e ———  —— e gm———

The formula for the sine-cosine curve is as follows:

Yo =T 4Asin (32x)° {5 cos (360 xy°

Where

Yo = any computed Y value

¥ = the average of the Y values

A = the constant of the sine component (at 90° this constant
equals the amnlitude of the sine curve).

B = the constant of the cosine component (at 0° or 360° this
constant equals the amplitude of the cosine curve).

T = the periodicity

X = a variable -

A '-‘_%-"[Ysin (360 x)o)
T T -

B =

2 60 x)oj
E‘(-Y cos (_3_.1_‘_ X) J
In the example given T = 24 (244 months) and Y = 100.0. Hence

Yo = 100 £ A sin (15 X)° { B cos (15 X)°
A =Z(Y sin (15 X)9)

12
B =X (Y cos (15 X)%)
12
A = ngEZI = 15.519
B = 58,96 = 4.9133
12
Hence
Yo = 100 £ 15.519 sin (15 X)° { 4.9133 cos (15 X)°
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Lesson XV

Page 11
Problems
Problem 1. Fit a sine cosine curve to a 9-year cycle of the folloving character-
istics:
Position 1 93
] 2 87
" 3 90
» L 100
" 5 110
n 6 125
" 7 102
v 8 98
" 9 95

Plot the sine curve, the cosine curve, and the sine-cosine curve.



Lesson XV
Supplement 1

Brief Table of Sines and Cosines

To find the sine or cosine of any angle greater than 90°, subtract
the anzle from some intezral multinle of 180° and use the table below.
Signs to be prefixed to table values are as follows:

Quadrant Angle Sin Cos
(degrees)

I 0-90 4 4

11 90-180 ¢ -

111 180-270 - -

v 270-360 - 4
Degree Sine Cosine Degree Sine Cosine Degree Sine Cosine
0 .0 . . 6 .866 . 5000
T ogs 1% G ¢ I | & e 138
2 .0349 - 9994 32 .5299 .8480 62 .8829 1695
3 .0523 .9986 33 . 546 .8387 63 .8910 4540
b .0698 .9976 34 .5592 .8290 64 .8988  .4384
S .0872 .9962 35 .5736 .8192 65 .9063 L4226
6 - .1045 .9945 36 .5878 .8090 66 .9135 L1067
7 .1219 .9925 37 .6018 7986 67 .9205 .3907
8 L1392 .9903 38 .6157 .7880 68 .9272 3746
9 .1564 .9877 39 .6293 7771 69 .9336 3584
10 1736 .9848 4o .6428 .7660 720 .9397 .3420
11 .1908 .9816 41 .6561 7547 N .9U55 3256
12 .2079 .9781 42 .6691 7431 72 .9511 .3090
13 .2250 .97ul 43 .6820 L7314 73 .9563 .2924
14 .29 .9703 u 6947 .7193 7 .9613 .2756
15 .2588 .9659 ks .7071 .7071 75 .9659 .2588
16 .2756 .9613 46 .7193 .6947 76 .9703 .29
17 .2924% .9563 L7 L7314 .6820 77 L9744 .2250
18 .3090 .9511 48 L7431 6691 78 .9781 .2079
19 .3256 L9455 49 .7547 .6561 79 .9816 .1908
20 .3420 .9397 50 .7660 .6428 80 .9848 1736
21 .3584 .9336 51 .77 .6293 81 .9877 L1564
22 L3746 .9272 52 .7880 .6157 82 .9903 .1392
23 .3907 .9205 53 .7986 .6018 83 .9925 .1219
24 4067 .9135 sk .8090 .5878 84 9945 L1045
25 4226 .9063 55 .8192 .5736 85 .9962 .0872
26 438k .8988 56 .8290 .5592 86 .9976 .0698
27 <4540 .8910 57 .8387 5446 87 .9986 .0523
28 14695 .8829 58 .8480 .5299 88 9994 .0349
29 4848 8746 59 .8572 .5150 89 .9998 0175

90 - 1.0000 .0000
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43
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0
.063
.125
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-309
.368
426
.b82
.536
.588
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. 684
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.770
.809
.Bu4
.876
.905
.930
. 951
.968
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-905
.876
.84l
.809
.770
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588

.536
482
1426
.368
.309
.249
.187
.125
.063

2

(A1l Figures Positive)

.012
.075
.138
.200
.261
.321
.380
437
493
. 546
.598

<647
694
737
-778
. 816
.851
.882
.910
.93
-955
.972
- 984
<994
999
1.000
997
.990
.980
965
947

.925
.899
.870
.838
.802
.762
.720
.675
.628

.578

.525
A7l
N5
.356
. 297
.236
175
2113
.050

4

.025
.088
-150
.212
-273
-333
.39
448
. 504
=557
.608

.656
.702
746
.786
823
-857
.888
915
-939
958
974
.987
995
.999
1.000
.996
.989
-977
.962
. %3

.920
.89
.864
.831
794
,754
712
.666
.618

.567

.514
. "+60
403
345
.285
.224
.163
.100
.038
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4 T43L3OF SINES m'D COSINES

.6

.038
.100
.163
224
. 285
345
403
460
514
.567
.618

.666
712
754
N Ead
.831
.864
.89
.920
<943
.962
977
-989
.996
1,000
-999
-995
.987
974
. 958
939

915
.888
.857
.823
.786
P46
.702
.656
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. 504
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.391
333
-273
.212
-150
.088
.025

.8

.050
.113
175
.236
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oL
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.525
578
.628
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.720
.762
.802
.838
.870
-899
925
- 947
965
.980
.990
<997
1.000
-999
- 994
984
.972
-955
934

.910
.882
.851
.816
778
<737
694
647
-598
. 546

493
437
.380
321
.261
.200
-138
.075
.012

(360° = 100%)
Cos Sin
% 4
75 50
76 51
7 52
78 53
79 4
80 55
81 56
82 57
83 58
84 59
85 60
86 61
87 62
88 63
89 64
90 65
91 66
92 67
93 68
% 69
95 70
96 71
97 72
98 73
99 i
0 75
1 76
2 77
3 78
b 79
5 80
(3 81
7 82
8 83
9 84
10 85
11 86
12 87
13 88
14 89
15 90
16 91
17 92
18 93
19 ol
20 95
21 96
22 97
23 98
24 99

OF ANGLES
DAPRSSTD AS PTRCE."PAG™S OF TTRIGOIS
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125
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.249
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426
482
.536
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.876
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.930
.951
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.998
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. 998
.992
. 982

.968
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.905
.876
.84l
.809
.770
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l682’
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.588
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.368
.309
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.125
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L37
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. 546
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.694
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.778
.816
.851
.882
910
.934
955
972
984
A
-999
1.000
-997
990
.980
.965
.47

<925
.899
.870
.838
.802
.762
.720
675
. 628
.578

.525
71
RS L
.356
.297
.236
-175
.113
.050

L

.025
.088
150
.212
273
333
.39
448
. 504
557
.608

.656
.702
746
.786
.823
.857
.888
915
.939
.958
974
.987
.995
<999
1.000
.996
.989
97?7
.962
943

.920
-89
0864
.831
STH
754
.712
. 666
.618

.567

.514
1460
403
345
.285
.224
.163
.100
.038
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345
403
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.514
. 567
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.864
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974
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.823
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-333
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778
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. 546

493
437
.380
.321
.261
.200
.138
.075
.012
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LESSOF XVI
How to Make a Simple Harmonic Analysis
You hear 80 much about harmonic analysis that you ehould know about it.
This is how you meke a simple harmonic analysis:
Teke a series of figures.
Fit a sine-cosine curve o them.
lake a periodic table 1/2 the length of the series (2nd harmonic).

Fit a sine-cosine curve to the averages of this table (or, if you like, fit two
consecutive gine-cosine curves to your series.)

llake a periodic table 1/3 the length of the series (3rd harmonic).

Fit a sine-cosine curve to the averages of this table (or, if you like, fit
three consecutive sine-cosine curves to your series.)

Continue the process as far as you like.

As you get more and more sine-cosine curves their sum vwill come closer and
closer to reproducing the original curve.

If you carry the process far enough (50 or 75 harmonics) the synthesis of the
various barmonic sine-cosine curves will be almost as good as a photostat of a curve
of your data.

If you project the various sine-cosine curves into the future you will get an
almost exact duplication of the curve you started with. But it would bde a lot easier
and cheaper to get a photostat and paste it next to the original curve.

Harmonic analysis is useful in the analysis of sound vaves (hence its name)., It
is also useful in tide analysis, in engineering, and in other special instances, Har-
monic analysis is a method of breaking a curve into a number of mathematical building
blocks. However, these building blocks have Do necegsarily relation to the real
cycles which may be present in the original data, unless these cycles happen to de
unit fractions of the length of your curve. Harmonic analysis is a method of de-
gcription. HARIOWIC AWALYSIS, AS SUCH,IS ABSOLUTELY ¥O GOON FOR FORECASTING.

Why then do I devote a lesson to it? To keep you from burning yourself! And
because a modification of harmonic analysis, to be discussed, is of value.

The results of a harmonic analysis are often recorded on a periodogram. Harmoni
analysis is therefore sometimes (erroneously) called periodogram analysis. .

Now, because harmonic analysis is a well known mathematical technique, it is
fully described in many textbooks. One of the clearest and simplest descrintions is

print, was written in 1937 by th;—Iate Dayto;—b. liiller, Professor of Physics, Case
School of Applied Science, Cleveland, Ohio. Excerpts from that book, are enclosed

herewith as supplementek material.
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A harmonic analysis of a curve can be made mechanically. ilaterial being
sent you herewith will tell you something about this method of making a harmonic
analysis. Harmonic analyses can also be made electronically.

linltiple or Compound Harmonic Analysis

If you have access to a mechanical or an electronic analyzer you can make
wvhat is !movn as a multiple or compound harmonic analysis. This is merely a
number of harmonic analyses of shorter and shorter sections of the curve. The
result is a periodogram with points between the harmonic intervals of the original
curve as vell as at them.

liultiple harmonic analysis is qf real help in cycle analysis because it gives
you, as exactly as you wish, the length of all the cycles which are present on
the average, vhether they are harmonics or not.

You don't really need a harmonic analyzer to make multiple harmonic analysis.
You can achieve approximately the same result by making periodic tables of closely
consecutive lengths, fitting sine-cosine curves to the averages of the various
columns of the tables, and plotting the amplitudes of these various sine curves
to a periodogram. The advantage of a mechanical or an electrical gadget is it
is easier,

I have made several multiple harmonic analyses. Some of these have been
reported upon in Cycles. I believe that if you study the accounts of these
analyses you will get as good an idea of this process as 1 am able to give you.

Start your lesson by studying the paper called "lfultiple Harmonic Analysis
Applied to Cotton Prices, 1731-32-~-—1939-40," reprinted from Cycles of Hovember
1950, pasges 20-25, and continved in Cycleg of April 1951, pages 141-42,

‘The article referred to on page 20 is also reprinted as part of this supple-
ment, as are the actual cotton prices.

~7:A pleture of the MNico Instrument Conpany's latest model Henrici type
analyzer is likewise shown.

I am sorry that I have never had time to work up for publication the results
of this analysis as it applies to cycles of 5-3' to 20 years in length.

Study next the article "Possidle Cycles in Railroad Stock Prices, 1831-1950"
reprinted from the April 1952 issue of Cycles, pages 123-129, and a supplement
from page 140 of the same issue.

Fext study the article called "Possible Cycles in Industrial Stock Prices,
1871-1950" reprinted from Cycles for Hay 1952, pages 166-178.
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Finally read the last article of this series called "Possible Cycles in Pig
Iron Prices, 1784~1951" reprinted from Cycles for June 1952, pages 207-9.

This
supplement also includes a chart of pig iron prices 1784-1951 taken from Cycles
for May 1952, pages 164-5.

In addition to telling you about multiple harmonic analysis the supplements
should prove of assistance to you for reference purposes.



EXCIIRPTS FROH
THSZ SCIZHWCT OF ITUSICAL SOURDS
by Dayton C. HMiller
Simple Barmonic liotion and Curvel

The simplest possible type of vibration which a particle of elastic matter of
any kind may have is called simple harmonic motion; it takes place in a straight
line, the middle of which is the position of rest of the particle; when the
particle is displaced from this position, elasticity develops a force tending to
restore it, which force is directly proportional to the amount of the displacement;
if the displaced particle is nov freely released, it will vibrate to and fro with
simple harmonic motion. The name originated in the fact that musical sounds in Zen-
eral are produced by complex vibrations which can be resolved into component motions
of this type.

Other forces than those of elasticity may act in the nanner described, as for
instance the action of the force of gravity on the bob of a pendulum; if the bob is
considered as swinging in a straight line, it has simple harmonic motion, which is
also called pendular motion.

Simple harmonic motion has several evident features: it takes vlace in a
straight line; it is vibratory moving to and fro; it is periodic, repeating its move—
ments regularly; there are instants of rest at the two extremes of the movement:
starting from rest at one extreme the movement quickens till it reaches its central
point, after which it slackens in reverse order, till it comes to rest at the other
extreme. The speed of the particle so moving, the rate at which the speed changes,
and other features are very important in a complete study of eimple harmonic motion,
but for our purposc we need give only a few simple definitions.

The frequency of a simple harmonic motion is the number of complete vibrations
to and fro per second; the period is the time required for one complete vibration;
the amplitude is the range on one side or the other from the middle point of the
motion, therefore it is half the extreme range of vibration; the phase at any instant
is the fraction of a period vhich has elapsed since the point last passed through
its middle position in th: direction chosen as positive.

Simple harmonic motion is approximated in various mechanical movements, while
a few simple machines reproduce it exactly «.......

A simple harmonic motion combined with a uniform motion of translation traces
a gimple harmonic curve; this condition is illustrated by a pendulum swinging from
a fixed point (See Fig, 1 of Lesson XV), and leaving a trace on a sheet of paper
moving underneath. The simple harmonic curve (See Fig. 7 of Lesson XV), is perfectly
simple, regular, and symmetrical; in mathematical study it is frequently referred
to as a sine curve; a curve of the same form but differing in phase by a quarter
period, or 90°, is a cosine curve (See Fig. 8 of Lesson XV) .........such a curve
ies an instantaneous representation of the condition of motion in a simple vave.
Various terms used with regard to simple harmonic motion are also applicable to the
curve; the amplitude is the height of a crest above the axis; the period is the
time required to trace one wave length consisting of a crest and trough; the fre-
quency is the number of periods, or wave lengths traced, per second; the phase
varies along the axis, passing through a complete cycle in one vave length; the
velocity is the rate of translation and is equal to the vave length rmltiplied by
the number of waves per second.

1Gha,pter I, Pages 6-12
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Harmonic Analysis2

Curves and vave forms such as those obtained with the phonodeik are represent-
ative not only of sound, but of many other physical phenomena, and their study is
of general importance in science. Yhile insvection and simple measurement will
often give some information concerning these curves, as vill be explained later, they
are in general too complicated for interpretation in their original forms, and
several methods of analysis have been developed vhich greatly assist in our under-
standing of them. :

In the wave method of analysis, often used in optics, the attention is directed
to the speed and direction of propagation of the waves in the medium and to their
combined effects; in the harmonic method consideration is given primarily to the
vidbratory character of the movements of the medium, these vibrations being regarded
as compounded of a series of motions, which may be infinite in number, but each of
which is of a simple definite type.

For the investigation of the complex curves of the sounds of music and speech,
the harmonic method of analysis is the most suitable and convenient; it is based upon
the important mathematical principle known as Fourier's Theorem, the statement and
proof of which wvas first published in Paris, in 1822, by Baron J. B. J. Fourier.

For the present purpose Fourier's theorem nmay be stated as follows: If apy curve

be given, having a vave length 1, the same curve can alvays be reproduced and in

one particular vay only, by compounding eimple harmonic curves of suiteble amplitudes
and phases, in general infinite in nmumber, having the same axis, and having wvave
lengths of 1, 1/2 1, 1/3 1, and successive aliquot parts of 1; the given curve

may have any arbitrary form vhatever, including any number of straight portions,
provided that the ordinate of the curve is always finite and that the projection

on the axis of a point describing the curve moves alvays in the same direction.

lfany of the curves studied by this method can be exactly reproduced by compounding

& limited number of the simple curves; for sound waves the number of components
required is often more than ten, and rarely as many as thirty; in some arbitrary
mathematical curves, a finite number of components gives only a more or less approxi-~
mate representation, vhile an exact reproduction requires the infinite series of
components.

Fourier's theorem may be stated in mathematicel form in the Fourier Equation
as follows: : 1

) _— N
1 - yein-2‘% gy | sin-2 X 4 'EL ysin X dx sin-gl#§-~}..........

N i'1fo 1 ; 1 1140 1 1
yﬂi’ yd-t‘l 2‘ 1 ‘ 1 . I

1/0 ' ‘ - 1 " ¢ -
‘|=] yeos-RL X dx | cog-2LX rkl ; ycos—ﬂl:z— dx |cos—tilx_ ' S ceees

l1jo 1 )} 1 LLFO 1 1

In this equation 7 is the ordinate of the original complex curve at any speci-
fied point x on the base line, and 1 is the fundamental wave length. The principal
part of this equation is a trigonometric series of sines and cosines and this (or the
whole equation) is often referred to as Fourier's Series.

The Fourier equation may be given a simpler appearance by urltlng it in a second
symbolic form:

.al sin¢ 4 a. sin 2 4 a3 sin 34 4 ..., ceseennee

y=a0 £ ¢ 11
° by cos’ £b, cos 2. /-b3 cos 37 4 .....

ZChepter IV, Pages 92-97
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The term a8, is a constant and is equal to the distance between the chosen base
line and the true axis of the curve; if the base line coincides with the axis, a, »
0, and this term does not appear in the equation of the curve. Since this term has
no relation to the shape of the curve, its value is not required in sound analysis...

The other terms of the equation occur in pairs, as a; sin ¥, b ycos £, etc.,
and each, vhether a sine or cosine term, represents a simple harmonic curve. The
successive simple curves of the sine series evidently repeat themselves wvith fre-
quencies of 1, 2, 3, etc., that is, they have wave lengths in the proportions of 1,
1/2, 1/3, etc., and the same is true of the cosine series.

Each of the coefficients 81 21, 2 1:_2. etc., is a number or factor indicating
how much of the ocrresponding simple harmonic curve enters into the composite; that
is, it shows the amplitude, or height, of the simple wave. For the reproduction of
a given curve it may happen that certain of the simple curves are not required, and
the corresponding coefficients then have the value zero and their terms do not appear
in the Fourier equation of the curve.

A sine and a cosine curve of the same frequency but with independent amplitudes,
such as the pairs of curves in the Fourier equation, can be compounded into a single
sine (or cosine) curve of like frequency which starts on the axis at a point differ-
ent from that of the component curves, and which has an amplitude dependent upon
the amplitudes of the components. The relation of the starting point of the new
curve to that of its components is called its phase............ This principle may
be stated in symbols as follous, g and b being the amplitudes of the given curves,
and A that of the resultant, and P the phase of the new curvs:

a sin¢ 4 b cos? = A ainvﬂﬂz’:{'}").

vhen : A ’V;?"( »%,
and tan P = g .

If the amplitudes a and b are made the base and altitude, respectively, of a
right triangle, Fig. 73, then the hypothenuse is the amplitude A of the resultant
curve and the angle vhich the e
hypothenuse makes with the base T
is the phase. Fig. 73‘ —

If each pair of sine —
and cosine terms of the gen— _—
eral Fourier equation is ,.-—~’/

.-

reduced in this manner, and s e tas e ke ..
if the origin is on the axis of the curve, the equatio‘i'i may be put into the following
equivalent form, consisting of a single series of sines:
y = Ay sin(bfp,) 4 A?s,in(Z(HP ) 4 A4ein(3 Y T S 111
In thas equation Ay 1s the a.mpiitude of the fifst component (the fundamental tone)
and Py is its phase; while A, and P ,determine the second component (first overtone
or octave), etc.

Form III of the Fourier equation is most suitable for representing the results
of the physical analysis of a sound, though the actual mmerical analysis is
obtained in the first form, I, of the equation.

| NSO o
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Multiple Harmonic Analysis

APPLIED TO COTTON PRICES 1731-32-1939-40

N the Research Department of this
I issue I reported upon some hints of

long cycles in cotton prices.¥ These
hints were revealed by a multiple harmonic
analysis of those prices.

An assistant and | made the analysis
on an Henrici type mechanical analyzer
menufactured and placed at our disposal
for the purpose through the courtesy of
the Mico Instrument Company of Camblridge,
Massachusetts.

This article will tell you just how
that analysis was made. In other words,
it will work nut for you an example of the
technique of multiple harmonic analysis. I
would suggest that before reading this
article you read the other one on page 17
for background.

When you make a harmonic analysis with
an Henrici type machine, you trace with a
stylus the curve to be analyzed, Fig. 1
on pages 18 and 19. Then youread the sine-
cosine values from the dials on the mach-
ine. From these values, which areincenti-
meters, you can easily compute an index of
the amplitude, or an index of the slope of
the wave. Values for five harmonics can be
read at one time. I think the procedure
will be clear to you as we proceed.

We first traced the curve with the
machine set for harmonics 1, 2, 3, 4,
and §.

As the curve was 209 years long, the
readings for harmonic 1, the fundamental,
enabled us to compute the amplitude of a
sine curve fitted to the entire series of
data—that is, to all of Fig. 1. This
value turned out to be 6.6. This wave has
no meaning whatever for forecasting pur-
poses. It merely means thaton the average,
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one 104%-year sections of the curve we are
analyzing is higher than the other 104%
years.

The lengths of the five harmonics, and

their relative amplitudes, are given in
the table below.

Table 1
A B C D
Relative
Length as a Amplitude
Fraction Length  of Fitted
Name of of the in Sine Curve,
Harmonic Fundamental Years (Centimeters)
Fundamental 1 209 6.58
2nd 172 104.5 2.92
3d 13 69.7 3.80
4th 1/4 52.25 3.89
Sth 1/5 41.8 3.84

What does this table tell you? It tells
you that IF there are waves of the indicated
length, and if they are sine shaped, that
they have the relative amplitude shown.

It does not tell you that waves of this
length are real, or if real, that they are
repetitive.

After we took our readings for the first
five harmonics, we retraced the curve with
the gear wheels changed so that the machine
would give us readings for the 6th to the
10th harmonics (1/6 of 209 years down to
1/10 of 209 years; in other words, from
34.8 years down by four steps to 20.9
years.)

Then we retraced the curve with the
machine set to give us readings for the
11th to the 15th harmonics, and so on, dom



to the 30th, 31st, 32nd, 33rd, 34th and
35th harmonics. (The 35th harmonic would
have a length of 1/35 of 209 years, or
5.971 years.)

What we found as we went down the scale
is too long a story to report upon here,
but T shall give you the results of it
another time. lLet us therefore get back to
a consideration of the first five harmonics,
which is the subject of this report.

I want to make sure st this point that
you understand just what the machine did.

I think you understand about the first
harmonic or fundamental, but I am not sure
you understand about the other harmonics.
To understand about them, let us forget
about the machine for a moment.

There are 209 years in our series. Let
us call it 208 to avoid the complication
of the odd number. Now let us make a 104-
year periodic table of our 208 numbers. We
do this by writing the first 104 numbers on
a line, each number in a column, and the
next 104 numbers on another line beneath
them. The 105th number will thus be under
the first number, the 106th number under
the second number, etc., and we will have
104 columns with two numbers (two lines)
in each.

We now average each of the 104 colums
in our periodic table and get a series of
104 averages. In all probability, the
average of some consecutive 52 numbers out
of the 104 will be higher or lower than
the average of the other numbers. There-
fore, if we fit a sine curve to the entire
series of 104 numbers, the sine curve will
have some height or amplitude. If you go
through all this work for the figures we
are dealing with, and if you used the same
vertical scale I did, you will find that
the amplitude of the sine wave fitted to
this series of 104 figures will be approxi-
mately 2.92 centimeters. (You will recall
that this is the value given in Table 1
above for the second harmonic.)

The number does not mean anything in
particular. It depends upon the scale you
chose for your chart. If you knew the
scale you could convert it into logs, and
thence into percent, but there is no part-
icular use, as all we wish at this point
is a relative number so as to compare one
wave with another.
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I1f you now make a 69-month periodic
table of our 209 numbers, again disregard-
ing fractions for the purposes of the ex-
ample, you will have three lines of 69
figures each. A sine curve fitted to an
average of each of these 69 columns gives
you a rclative amplitude of 3.90) or it
would if you took the fractions into
account, as the machine does).

Simi larly, throwing our 209 numbers
into a periodic table of 52 columns and
four lines would give you another series
of average figures. A sine curve fitted to
them would have a relative amplitude of
3.89.

And finally, a sine curve fitted to the
averages of a 52-colum table of five lines
will have, on the same scale, an amplitude
of 3.84.

(The machine does all this work for you
at one clip in the two or three minutes it
takes to trace the curve with the stylus.)

It should be obvious that the lengths
are meaningless as far as indicating any
rhythms. They are purely arbitrary halves,
thirds, fourths, fifths, etc., of a funda-
mental length which, in its turn, is a
purely accidental length, depending on the
length of our series of figures. If we had
done this work 49 years earlier, our funda-
mental would have been 160 years long, and
the second, third, fourth, and fifth har-
monics would have been 80, 53 1/3, 40,
and 32 years respectively.

The fact that the sine waves fitted to
the averages of our periodic table have
amplitude merely means that some groups of
our figures are bigger than other groups.
The consequence of this fact is that the
cycle analyst is not interested in simple
harmonic analysis as such for the same
reason that a certain msnwas not interested
in horse racing. You will remember that
this fellow said, “Anyone knows that one
horse can run faster than another.” One
group of figures is almost always higher or
lower than some other group. Therefore the
amplitude of the various harmonic functions
does nst mean that there are rhythms or
repetitive waves of this length in the
figures.

To see how this relatively meaningless
information can becowme valuable you will
have to bear with me a little longer.
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To start with, let us concentrate our
attention for a moment upon the second
harmonic, the average of the sections 104
years long (ignoring fractions, which we
shall leave to the machine to bother with).

It is obvious that IF there really did
happen to be a regular wave of 104 years
in these figures, the crest of this weve in
both the first and second lines—that is,
in both the firat and the second 104-year
periods—~would fall under each other, and
80 would the troughs. In fact, if the
series of 208 figures consisted of nothing
but two perfectly regular 104.year waves,
the figures in each column of the second
line would be identical with the figures
ebove it in the first line, and the average
would, of course, be the same too.

Just for convenience of discussion, let
us assume that this series of 208 figures
does consist merely of two perfectly regu-
lar 104-year waves. Imagine the low in
position 1, that is, in the first column,
and the high 52 years later in colum 53.

Suppose now that in addition to your
104-year periodic table you made a shorter
table 103 years in length. In such a table
the lows and highs of the second 104-year
wave would fall, not under the low of the
first 104.year wave, but one year later,
and the amplitude of the average would be
less than when both waves were exactly
under each other.

If we made a longer-periodic table of
105 years, the lows and highs of the second
cycle would fall one year sarlisz, and of
course, the amplitude would decrease like-
wise,

The longer or shorter we made our
periodic table, the less would be the
amplitude.

A wave of 104 terms is too long for
purposes of illustration, but suppose I
work out an example for you using a shorter
wave.

Consider a series of 8-year waves having
these values: -4, -2, 0, 42, 4, 2, O,
-2, and repeat thus: -4, -2, 0, 2, ¥4,
#2; 0, -2, ete.

Throw these values into an 8-year
periodic table:
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Table 2
Position
1 2 3 4 5 6 7 8
1st Cycle -4 -2 0 42 «4 42 0 -2
2ndCycle -4 -2 0 42 ¥4 2 0 -2
Total 8 -4 0 ¢4 48 ¢4 0 -4
Average 4 2 0 42 ¢4 22 0 -2

Now throw the same values into a 7-year
periodic table:

Table 3
P’.
1 2 3 4 5 6 1
1st Cycle -4 -2 0 +2 ¢4 2 O
2nd Cycle <2 -4 -2 0 32 44 2¢
Total “6 <6 <2 42 6 6 42

Average <3 -3 -1 %1 43 43 41
(*Vith 0 and -2
left over)

It is clear that the amplitude has shrunk
from 4 to 3 by reason of the failure of
the two crests and the two troughs to
match up under each other.

If you had slipped the second wave the
other way by making a 9-year periodic
table, you would have had the same reduc-
tion of amplitude, Here we have worked out
a 9-year periodic table of the perfectly
regular 8-year wave:

Table 4

e Position
l 2 3 4 5 6 7T 8 9

lst Cycle -4 -2 0 ¢2 4 2 0 -2 -4
2nd Cycle -2 0 42 4 22 0 -2 -4* -2
Total 6 <2 42 6 6 2 2 6 -6
Average =3 <1 31 3 3 &1 -1 -3 -3

(*Two more figures are borrowed
fram the next cycle.)



Now let’s get back to our 104-year wave.

By now it should be clear that, if
there really is a regular 104-year wave in
these figures, it will show its maximum
smplitude only when you make your periodic
table exactly this length. If you make the
table longer or shorter than the true
length of the wave, the amplitude will
reduce.

Conversely—and this ts impertant—~if
you do not know whether or not there are
waves present, you can make a series of
periodic tables with lengths close to one
another. If you find that the indicated
amplitude gets larger and larger as the
length of the table gets larger and larger
until a point, after which as the length
of the table gets still larger and larger
the indicated amplitude gets lessand less,
we are justified in assuming that there MAY
be a‘rhythm just exactly as long as the
length of the periodic table at the point
where the amplitude is greatest.

That is, in the little example above,
when you make a 7-year periodic table you
get an amplitude of 3; when you meke an 8-
year periodic table you get an amplitude
of 4; eand when you make a 9-year periodic
table your amplitude is back to 3 again.
This tells you that there may Le an 8-year
rhythm in the values that go to make up the
periodic table.

In Table 1 you have some values for
waves of diflerent lengths, but the lengths
are not close enough together for their
progression to mean anything.

As a matter of fact, the circumstance
that we have used harmonic intervals means
that there is no chance of any wave that
might be present at nne of our chosen
lengths having any of its strength in-
cluded in the values for the interval next
higher or lower.

That is, none of the 3.90 amplitude
present for the third harmonic of 69.7
years could be the result of real waves of
the length 104.5 years or 52.25 years, the
length of the 2nd and 4th harmonics re-

spectively. (However, anyreal wave between -

104.5 years and 52.25 years would have an
eflect upon the amplitude of the third
harmonic at 69.7 years.)

How can you use the machine to get
eight or ten values bestween the harmonic
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intervals? In other words, how can you use
it to give youa multiple harmonic analysis?

Very easy! Chop a little off the end of
your series of figures a1d run your stylus
over the remaining curve. Then chop off a
little more and retrace the curve again.
Continue this procedure time after time
end every run will give you five more
values for your periodogram.

(A periodogram is merely a charv. on
which you record the amplitudes of the
sine waves fitted to the averages of the
various periodic tables.)

For example, after we had made the run
over the full series of 209 years, we made
another run using only 201 years. This
gave us values for 201 years; for 1/2 of
201 years, or 1004 years; 1/3 of 201 years
or 67 years; 1/40f201 years or 50X yeears,
and 1/5 of 201 years or 40 1/5 years.

Then we made another run using the first
197 years as our fundamental. Then a run
using 191 years as our fundamental, and so
on, until we had made a total of ten runs.

Here is a table showing the length of
the fundamentals we used and the lengths
of the first five harmonics of each.

Table 5

Length of Length of Harmonics
Fundamental 2nd  3rd 4th  Sth

209 104.5 69.6 52.25 41.7
201 100.5 67.0 50.25 40.2
1 98.5 65.6 49.25 39.2
191 95.5 63.6 47.75 38.2
185.5 92.75 61.83 46.38 37.1
181 90.5 60.3 45.25 3.2
175 87.5 58.3 43.75 35.0
168.3 84.16 56.11 42.08 33.6
165 82.5 55.0 41.25 33.0
162 81.0 54.0 40.5 32.4

You will notice that this procedure
gives us 39 diflerent wave lengths between
our shortest original length of 41.7 years
and 209 years, and in addition, 11 more
readings fram 41.7 years down to 32.4 years,
which fills the gap down to (and slightly
past) the 6th harmonic of our, 209-year
series, which is 34.83 years in length.

Also you will notice that the coverage
between harmonics is not entirely smooth.
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For example, there is a gap of 57% years
between the length of the shortest funda-
mental and the length of the longest 2nd
harmonic, a gap of 11.3 years between the
length of the shortest 2nd harmonic and
the longest 3rd harmonic.

Between the shortest 3rd harmonic and
the longest 4th harmonic, however, there
is no especial gap, and between the short-
eat 4th harmonic and the longest Sth har-
monic, there is an actual overlap.

This is merely one of the characteristics
of fractions and there is nothing ane can
do about it except to make enough runs of
the machine to get the lengths you want,
and to discard any excess values you do
not need.

Let us now arrange ail these lengthsin
order of size and list the amplitude of
each s0 as to have the values for our
periodogram. Table 6 gives the rank list
and the figure on page 25 gives the periodo-
gram based upon them.

Table 6

Period in Years Amp. Period in Years  Amp.
209 Fundamental 6.6 [60.3 3rd Harmonic 4.06
201 . 7.6 158.3 * 4.20
197 . 8.1 156.11 . 4.13
191 8.0 |55.0 * 3.66
185.5 o 8.0 |54.0 - 3.43
181 . 7.7 [52.25 4th Harmonic 3.86
175 y 7.9 §50.25 " .37
168.3 . 7.8 149.25 . 3.13
165 . 7.2 }41.75 o 2.98
162 . 7.7 |46.38 o 2.50
104.5 2nd Harmonic 2.55{45.25 - 2.85
100.5 . 2.51143.75 . 3.58
9.5 " 2.85}42.08 o 4.30
95.5 . 3.55{4).25* - 4.43
92.75 - 4.55{40.5* . A.47
90.5 . . 4.50{41.7 5th Harmonic 3.82
87.5 . 4.50140.2 " 2.94
84.16 . " 4.40]39.2 . 2.60
82.5 * 4.30138.2 * 2.5
81.0 - 3.90137.1 o 2.70
69.6 3rd Harmonic  3.90{36.2 v 2.48
61.0 o 4.73135.0 . 1.72
65.6 . 4.72]33.6* o .86
63.6 " 4.53]33.0¢ o 92
61.83 . 4.16{32.4° o 92
*Note overlap with next harmmic
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What does this periodogram tell us? It
tells us that, from half the length of the
series down, at every peak there MAY bLe a
repetitive wave,

For example, the periodogram shows
strength in the neighborhood of 90 years.
This fact means that ea ths aversgs there
is strength when the curve is cut into
sections of this length. This average
strength couid be the result of two 90-year
waves coming together in the periodic
table as we change the length of the sec-
tions from 80 years to 100 years, or it
could be the result of something else.

Assuming that there really are two 90-
year waves, this fact may or may not have
significance. There are bumps on any fluc-
tuating curve. Two of them happen to come
90 years apart. So what? They have to be
some distance apart. This does not mean
that there will be another bump 90 years
later. We need maay repetitions of a wave
before we can be sure that the rhythm
has significance.

From the standpoint of rhythm analysis,
we might just as well ignore all of the
longer waves. That explains why, in making
this analysis, we did not bother to fll in
the gaps between 70 and 80 years, and be-
tween 105 and 160 years.

As we go down in length however from 70
years, the peaks have more potential
significance.

There are five such peaks on the periodo-
gram: At 66% years, at 57 years, at about
52% years, at about 41 years, and at 36X
years.

There is relative strength at each of
these lengths, and this relative strength
MAY be due to rhythms of these lengths
present in the series, and, if there are
rhythms of these lengths, the rhythms MAY
have significance —that is, the relative
strength may have arisen as a result of
continuing force as distinct from a series
of unrelated forces, which just happened
to come at approximately equal intervals.

It cannot repeated too often that by
jtself a periodogram analysis or a multiple
harmonic analysis gives you only hints of
rhythms that may be present. It clears the
underbrush, in other words, and tells you
of lengths at or near which you may find
rhythms.



Before I close our consideration of
Fig. 2, T would like to call your attention
to one more aspect of the periodogram. You
will note that the overlapping sections of
the fourth and fifth harmonicsdonot agree.
As you take fourth harmonics of shorter
and shorter fundamentals the curve oun the
periodogram keeps on rising from 42.08 to
41.25 to 40.5, indicating an average wave
at 40.5 or shorter.

On the other hand, the fifth harmonics
start at 41.7 and get continuously shorter,
indicating an average at 41.7 or longer.
Why is this?

There are four possible explanations.
First, in one run or the other, the curve
may not have been traced perfectly. Second,
in one run or the other, the dials on the
instrument may not have been read exactly

right. (Explanations one and two are un-
likely.) Third, the curves were not ad-
Jjusted for trend, which fact introduces a
small error. Fourth, the figures dealt with
were not entirely the same. In the fifth
harmonic of 209 years, we used all the
figures, in the fourth harmonic of 162 years
we ignored all figures after 1892.
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Now, one last point before we close. In
the article in the Research section there
is a table giving an index of slope so
that you can see which waves will prevail
over the others. The following table gives
details of the calculation which are as
follows: The amplitude times two, to give
the overall move from crest to trough,
divided by half the wave length to give
the time it takes to go up from trough to
peak, or vice versa.

Table 7
A B C
Index of Slope

Wave Average (2B + ¥ A)
Length Amplitude Calculation  Result
90 4.5 (9.0 + 45.00-) .200
66% 4.9 (9.8 + 33.25+) .295
57 4.35 (8.7 + 28.5e) .305
524 3.9 (7.8 + 26.25¢) .297
41 3.85 (7.7 + 20.5=) .376
36 3/4 2.8 (5.6 « 18.375#) .305
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From this table we see that although the
66%-year waves (if there are such) have a
greater amplitude than the 41-year waves
(if there are such), the 41-year waves are
steeper than the 66)4-year waves. The 41-
year waves go from 3.85 Lelow the axis to
3.85 ubove the axis in only 20% years
(half of 41) or .376 a year, whereas the
66)%-year waves require 33% years for the
move of 9.8 or an average of only .295 a
year.

In this connection however, it should
Le noted again (in case you did not read
the article on page 17) that any two waves
closer than harmonic intervals from each
other aflect each other in the periodogram.
For example, part .of the apparent strength
of the 66%-year wave (if there is one) is
due to the strength of a possible 57-year
wave only 10% years_longer. As 66% 1s a
third harmonic of 199% years, any waves
shorter than 99X years (the 2nd harmonic)
or longer than 49.8 years (the 4th harmonic)
will influence the average emplitude of any
wave of 66% years. You must Le on the
lookout for overlaps of this sort.

It is also well to remember that if you
have a regular symmetrical wave of a certain
length, it will Le revealed in periodic
tables of any odd fraction of that length.
For instance, if a series of figures has a

rfectly regular symmetrical wave 60 years
ong and nothing else, it will show up in
periodic tables of 20 years (1/3 of 60)
12 years, (1/5 of 60) 8.57 years, (1/7 of
60) and so on.

Conversely, any average wave revealed

in a periodogram may be in whole or in part
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a reflection of some other wave some odd
multiple of the indicated length. For
instance, here is a 4-year periodic table
of a perfectly regular 12-year wave, start-
ing from a low of -3, going up to ¢3, and
then falling off to -3 again.

Talile 8
Position

1 2 3 4
1st Cycle -3 -2 -1 0
2nd Cycle +] 42 +3 2
3rd Cycle 11 0 -1 <2
Total -1 0 4l 0
Average -1/3 0 +1/3 0

An average wave of 4 years appears, but
of course it is not rhythmic, as we know,
for there was no 4-year wave in the ar-
bitrary figures with which we started.

There is another little matter that one
must look out for, but perhaps a discussion
of it hardly belongs here as multiple har-
monic analysis is merely supposed to give
hints of rhythms that may be present.
Comments such as the above probably belong
more properly in another discussion that
would deal with how to tell whether or not
the hints revealed by multiple harmonic
analysis in any given case have any

significance. As soon as possible, I will
get into this aspect of the subject

also.



Harmonic Analysis of Cotton Prices

Continued

HIS articie continues the technical

article on the multiple harmonic analy-

sis of cotton prices from 1731-32 to
1939-40 which appeared in the November
1950 report, pages 20 to 26 inclusive.
This article will tell you what was re-
vesled by a determination of the values of
the 6th to the 10th harmonics, inclusive.
That is, it gives us what light we can
hope for through the use of this method in
regard to cycles in cotton prices from 19
to 35 years in length.

Tables 1, 5, 6, and 7 below continue
tables of the same numbers in earlier re-
ports.

Fig. 2 below continues the periodogram
from 36 years down to 18% years, but uses
different horizontal and vertical scales.

Although the behavior of the Sth har-
monics do not indicate it, the 6th har-
monics of various fundamentals suggest a
cycle at 33% years. This could be the
well-known Brilckner cycle.

The 7th harmonics very clearly indicate
average strength at 27¥% years.

The 9th harmonics show a peak at 21¥%
years. Possibly this strength is the re-
sult of the well-known 22 1/5-year cycle.

T do not know why all the 9th harmonic
values are so low in relation to the Rth
and 10th harmonic values, but I assume it
is because of distortions introduced by
the fact that this method of analysis
makes it impossikle, or at least imprac-
tical, to make proper correction for
trend.

The gth and 10th harmonics do not give
. us any indication of cycles.

Taking the 10th harmonic as an example,
the strength at 184 years indicates a cycle
at this length er less, and we cannot tell
which unless we study the 11th harmonics.

We can see from the 9th harmonic that
the line from 20% years to 2] years keeps
going right on up to 22 years, and I there-
fore attach no significance to the strength
of the 10th harmonic at 2] years.

Similarly for the 8th harmonic, T feel
that the strength indicated at 23 years
and 26 years could very easily be the re-
sult of strength at 22 and 28 years and
that the 8th harmonics, like the INth,
probably fail to indicate anything of
valjue.

In closing there are two more things I
would like to say:

First of all, the periodogram shown in
Fig. 2 is drawn in the usual conventional
form. There is a much better way of draw-
ing a periodogram, as I shall explain in
an early issue,

Second, there are severe limitations
upon the usefulness of the periodic table,
{i.e. harmonic analysis) in unscrambling
two or more waves. Some work of Mr. W. C,.
Yeatman illustrates this beautifully. I
shall show you this work just as soon as
possible.

Table 1, Continued

-
A B C D
Relative
Length as a Amplitude
Fraction length  of Fitted
Name of of the in Sine Curve,
Harmonic Fundamental Years (Centimeters)
6th 1/4 34.83 1.78
Tth 17 29.86 1.77
8th 13 2.13 1.85
9th 19 23.72 .88
10th 1/10 20.9 2.06
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Table 5, Continued Table £, Continued
AT —— b — —
Length of Length of Hanmonics Period in Years Amp. Period.in Years Amp.

Fundamental <th T7th  8th 9th  ]10th

34.83* Ath Harm. 1.7R|24.63 8th Harm. 1.44

20 34.83 29.86 26.13 23.22 20.90 34.16° " 1.79]24.13 LTS
205 34.16 29.29 25.53 22.77 20.50 33.5¢ " 1.76123.63 " 1%
201 33.50 28.71 25.13 22.3% 20.10  32.83* " 1.48123.13 Yooo2.13
197 32.83 28.14 24.63 21.88 19.70  32.16 " 1.09]23.22**9th Harm. .88
199 32,06 27.57 24.13 21.44 19.3p  31.5 " -25122.77 YLl
189 31.50 27.0 23.62 21.0 189  30.83 .19122.33 v LA
185  30.83 26.43 23.13 20.55 JR.50  29.86 Tth Harm. 1.77)21.88 v 1.50
29.29 " 2.02]21.44 " 1.42

Note: Fundamentals do not necessarily agree gg'ﬁ " g;; ;325 " igg
in length with the fundamentals of Table § 27'57 " 2'59 ‘70..9“10t.h Ha 2.06
on page 23 of the November 1950 report. ?7'0 ” 1.9’ 2‘0'5 . 1’9,;
Some fundamentals have been dropped and % 43 " e 20.1 ” 1'4;,
others have been added. : : " "1
26.13 ARth Harm. 1.85{19.7 1.18

. 25.63 ” 1.82]19.3 " 1.08

Table 7, Continued 25 13 " 1.66118.9 " o7

12.5 " 1.17

A B C Note: Fundementals do not necessarily agree
in length with the fundamentals of Table 6

Index of Slope on page 24 of the November 1950 report.

¥ave Average (2 x col.B+ ¥col.A) Some fundamentals have been dropped and
Length Amplitude ~ Calculation  Result others have been added.

*Overlap with the Sth harmonics recorded in

33v 1.8? (3.A4 + 15.875) .2)k Table 6 on page 24 of the November 1950
27% 2.41 (4.82 + 13.875) .347 issue.
21¥ 1.5 (3.32 +10.875) .2%% **Note overlap with the next harmonic.
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TABLE 1

AVERAGE ANNUAL SPOT PRICE OF COTTON PER POUND
CROP YEATS 1731.2 10 1953.4
(VALUES WHICH HAVE UNFOLDED FROM THE TIME OF
THE ORIGINAL STUDY ARE SHOWN IN BOLOFACE TYPE.)

1731-32
13
34
-35
-3
.37
-18
-30
-40
41
1741-42
-3
-4
-45
-46
-47
-48
49
-50
.51
1751-52
-S3
-54
-55
-56
-57
-5A
-59
)
3
176142
A3
.54
4§
£4
47
48
-69
-10
K
1771-72
73
T4
1771415

A 3 NI N =

30D

33
DO O N~ dre OD DD DA

bt DD bt s ()
O O? O?.\‘)

1R.S

O 1t | D bt bt v D N DD D

eo3a333a833
HNEPTTTRRI T
O e 2D e ) st DD S N W N

Cents Cents Cents
Crop per Crop per Crop per Crop
Year  Pound Year Pound Year Pound Year

1775-76  29.4 181819 94,67 1851-52 27,29 190405
1 - <20 16.52 43 46.98 -06

-718 - <21 14.88 A4 S4.15 07

-79 - 1821.22  14.69 45 46,98 -8

-R0 - 23  11.18 -6  31.40 -

-81 - -4 14.45 47 97.94 -10
178182 30.5 <25 17.92 -8 17.48 -1
-83 8.2 25 13.38 A0 20,92 1911-12

-84 32,0 21 10,20 70 20.72 13

-85 1.4 <28 10.34 <71 15.16 .14

-8 359 -29 9.89 1871-72  19.54 .15

87 40.2 -30 9.72 13 17.44 -16

A8 38.2 31 10,14 14 15.51 17

-A9 30.5 1831-32 9.12 =18 13.97 .18

.90 16,3 233 11.40 -6 11.51 .19

-9] 21.9 34 13.05 17 10,94 =20
1791.02 30.5 =35 15,99 -TR 10,95 =21
-93 345 -3% 0 16.72- <79 10.92 1971-22

94  31.6 371 1436 80  12.13 .23

.95  32.2 <38 10.02 81  11.3¢ .94

-9 31.8 220 13,92 188182  12.00 2%

97 WS -40 9.41 -83  10.81 %

98  29.4 -41 Q58 84  10.87 27

-9 29.8 1841-42 8.13 -5 10.74 .28

00 209 -3 7.24 -86 9.47 .20
00 287 -4 7.82 87 991 .30
1801-07  24.00 -45 5.88 -88  10.15 231
-03  18.30 45 .1 -0 10.44 1931-3?

<04 1R.08 -47  10.89 90 11.27 R
05  92.00 -8 8.54 91 9.48 N
-06  23.50 -49 7.%4 1891 -2 7.4R .35

01 22.08 -0 12.0 -92 B.45 .36

-0R 17.75 -S1 12.57 .04 1.78 .37
<09 15.00 1851-52  9.30 95  6.38 .38
.10 14.82 53 10.9 -9 .10 -39
-1 13.58 <54 11.0] -97 7.1 -40
1811.12 9.33 -55 10.31 -9R 6.40 -4]

.13 13.00 .56  10.33 99  6.00 .4

-14 95,50 .57 13.18 00 R.36 "’“-,§
<15 23.01 58 12,45 -01 9.38 .44
-16  28.33 .50 12.12 1901-02 .73 -45
1T 7.08 40 11.27 B 9.9% 45
1817-18  30.99 184041 12,27 1903-04  12.84 .47
48
-49
-50
-51
1951-52
-S3
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Long Cycles In Cotton Prices

EVERAL yesrs ago an assistant and I

made a multiple harmonic snalysis of

cotton prices to obtain hints of waves
that might be present in that series of
figures,

(In the Technical section of this
issue you will find a description of multiple
harmonic analysis and an account of the
methods used in the analysis.)

The analysis was made on a Henrici
type mechanical analyzer placed at our
disposal through the kindness of the Mico
Instrument Company of Cambridge, Massa-
chusetts. This company makes the best
harmonic analyzer I know about, and the
only one that I know of adapted to multiple
harmonic analysis. (For a picture of an
Henrici analyzer, see page 21 of the
Septesmber report.)

This report will tell you about & part
of thst analysis.

Cotton prices are available by crop
years from 1731-32 to date.

Fig. 1. shows you these cotton prices
plotted on semilog or ratio scale. The
dotted lines in Fig. 1 show certain
arbitrary velues used for the various war
periods. For the actual figures refer to
Foundation Report No. 2, Cyeles in Whels-
sale Prices: Cotten.

It is not argued that the values se-
lected for the war periods are what prices
really would have been if there had been
no war, but they are certainly closer to
such prices than either the actual war
prices or zero. One must use some value
when making a mechanical harmonic analysis;
the values we used clearly eliminate some
of the war distortians.

In making the analysis we used logs of
the data, as must always be done in ana-
lyzing series of this sort.

We made analyses of the data 1731-32 to
1939-40, a span of 209 years and, as a
check, of the data 1822-23 to 1939-40, a
span of 118 years.

The complete analysis carried the study
down to waves of 5% years, but in this
report 1 shall tell you only about the
pert dealing with waves down to 32 years.
J will tell you sbout the shorter waves in
later reports.
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That section of the main periodogram
giving results from the length of the
fundamental (209 years) down through five
harmonics to waves of 32 years in length is
shown in the figure on page 25. Relative
strength at about 90 years, 66)% years,
57 years, 52X years, 41 years, and 36%
years, indicetes the possibility of
rhythmic waves at about these lengths.

(A periedegram is a chart on which you
record the amplitude of sine (or other)
waves fitted to the averages of all the
colums of a periodic table.

(A verindic table is an arrangement of
the data into colums and rows, —as many
columns as there are terms in the sus-
pected cycle, and as many rows as there
are cycles in the data. Thus, if you had a
series of 12 figures and were studying 3-
year waves, your periodic table would con-
tain these 12 figures in four lines of three
colums each.

(Unless otherwise stated, the fundsmental
is the longest wave possible within the
series. In other words, the full length of
your series of figures.

(Harmonics are wave lengths of one-half,
one-third, one-fourth, one-fifth, etc. of
the fundamental.)

In the following table you wiil find an
index of the amplitude of the average
waves we found in this series of figures.

Table 1

Index of

Wave Length Amplitude
90 years 4.5
years 4.9
57 years 4.35
§2% years 3.9
4] years 3.8

36X years 2.

There might be actual rhythms at or
about any of these lengths, or there might
not.

It should be remembered that insofar as
the lengths of these waves are not separated
from each other by harmonic intervals,
they tend to reinforce each other.
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For example, 36X years is the Sth har-
monic of 183.75 years. Any wave shorter
than 45.93, the 4th harmonic of 183.75
years, will combine with any 36X-year wave
that might be present to give it an
spparent amplitude greater than the 36X-
year wave really has. Part of the amplitude

CYCLES—A Report for November 1950

The following table gives an index of
the slope of the waves listed in Table 1.

Index of Slope
(Rise or Fall Per Year)

of the average 41-year wave is therefore Wave Length If Waves Are Rhythmic
included in the amplitude of the average
36X-year wave, and vice versa. 90 years
The amplitude of a wave is important, 664 years
but you will find the average slope of the 57 years
wave to be even more important. It is the 524 years
slope, or rise or fall per year, that 41 years
determines whether one wave will prevail 36X years
over another.
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Of course, insofer as the amplitudes of regularity, and repetitiveness could come
any of the above waves is due to the eflect about on the one hand as the result of ran-
of conflicting waves of another wave length, dom, sporadic, unrelated causes, or on thc
as with the 36X- and 4]-year waves discussed other, as the result of some underlying

above, the slope will be distorted too. rhythmic cause that may be presumed to
What does this analysis give us? It continue.
gives us the fact that there MAY be rhythms Here ‘'we are reporting only upon hiats

of these lengths incotton prices. You must of cycles. We are, as it were, just clear-
go on from here by other means to see if ing away the underbrush to explore a vein
these waves are rhythmic, and, if they are of quartz which is potentially gold bear-
rhythmic, then to determine as well as may ing. As you dig deeper you may end with
be the number of times out of a hundred only hard work and disappointment, or you
that rhythms of the indicated amplitude, may find real gold.
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POSSIBLE

CYCLES IN RAILROAD STOCK PRICES,

ot
N
RIEPRX g

1831 -1950

Saummary

A comprehsnsive reconnsissance survay
of railread stock prices, 1931 - 1850,
suggests a multitude of ecycles, the length
and relative impsrtance of which are given
in the article.

Railroad steck prices were chosan be-
causs this sarfes of figures is long and
has the advantage ef Industrial homegenity,

Ths task ahead is to exsmine in detail
ssch of the suggested cycles to ses {f It
is rhythmic, snd te determine its various
charsctesristics such as shaps, timiag,
longth, and amplitade.

HROU(H the generosity of Stockham
T Valves and Fittings, Inc. of Rirming-

ham, Alabama, one of our members, who,
as a public service, supplied the money,
and the Mico Instrument Company of Cam-
bridge, Massachusetts, who, similarly,
allowed us to test out one of their newly
completed harmonic analyzers, I am alle to
present to you a reconnaissance survey
of the cycles in rail stock prices from
1831 to date.

(We also studied industrial stock
prices, 1871 to date, and pig iron prices,
1784 to date. Reports on these two other
series will be made to you as soon as the
material can be put topether.)

Bailroad stock prices are particularly
important for the student of cycles be-
cause they constitute the longest single
relatively homogeneous series of stock
prices in existence. They now cover a per-
iod of 121 years.

In contrast to this coverage, industrial
common stock prices extend Lack only to
1871 and are confused Ly the fact that new
industries with different cyclic patterns,
or with the same cyclic patterns coming at
slightly different times, are added from
year to year.
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Of course, the cyclic Lehavior of rail-
road stock prices may similarly have
changed from time to time in accordance
with the varying nature of the railroed
industry, but there are reasons to helieve
that this may not Le so.

My olservations are that a change in
the nature of a Lusiness usually does not
change the cycle. For example, much now
made Ly the Ceneral Electric Company was
not even invented back in 1993 when the
company started, and yet the orders re-
ceived by that company show clear evidence
of a 6-year cycle; continuously from the
beginning. (See an article on this subject
in the Septemler 1950 report.)

Whether this continuity of cycle length
holds true for railroad stock prices T do
not know, but there is certainly a bLetter
chance of continuity in such prices than
in industrial stock prices.

A chart of railroad stock prices, year
by year, from 1831 to date is shown in
Fig. 1. This chart is reprinted from our
September 1951 report, and brought up to
date. You will find the sources and the
actua) figures on page 143 following.

Tn railroad stock prices the trend is
so distorting that it must Le removed as a
prelude to cycle analysis. The trend cho-
sen was a 19-year geometric moving average
of the values, extended arbitrarily at each
end as shown by the broken line in Fig. I.

A 19-year geometric moving average does
not give you the true trend. That cannot
be determined until all the cycles are
discovered and removed. Rut it is close
enough to the true trend for preliminary
purposes.

After the actual prices have Leen ad-
justed for trend we get the values shown
in Fig. 2. These are the values we ran
through the harmonic analyzér to get the
results shown in the periodograr plotted
herewith as Fig. 2.



*s319saydessej ‘Idpraque) jo Ausdwo) JUIALNIISU] OOTIpy
ay3 Aq 2pew sem aurydew ou& "sofed Jutpaadard ay3 uo umoys Iie sIsL[eue STyl JO SI[NsaJ
9y ‘sasAfeus druowsey I[d13[NW IY] Ijew 03 PISN Im JUTYIRW Y3 JO san3ord e st sty

d3zAjeuy drUOmIBY




124

CYCLES — Report for April 1952
Fis- 1. inoex § o {9 '_1'_}'"?';_'5,.*-"1:1_;1:.‘** 17 1—-—_%_--_
140 ! -+ 4. 9 I ih seeit il iy b o &
RAILROAD oEEe SesscEeniit
STOCK PRICES =258 SEecSEEmEgmmceacce EEEES
9 10 34 - - se»
T3 3T
1831-1951 too = + ESSEESEE
= 34 i
The solid line shows the ?
course of railroad stock price 80 RESRE -
es for the past six genera- Sk =
tions. The genersl trend was L =E: :
upeard from 1831 to 1910 and : L e a:
has been generally downward 60 EaSSIE==aE
since abbut that time. This == s sacpaa:
behavior is in contrast to in- .o et s anspee: 3
dustrial stock prices, the - : : a= ===
under lying trend of which has as p=3 B
been continuously upward. 2 AN
Note particularly the 40—t 2T SN e
19, 4-year cycle which can be == WHEY/ X
seen easily by inspection. 35 Fo— i :‘_ : L-‘ /_“1L"
The 19.4-year cycle does not = - ey aant 5 2
seem to be present 1in 1ndus- L as £ FES=a=y & 7 E S2T.S
trial stock prices, or at L RIS Y g o _‘_— { o= =
least not to an important ex- = 8- SR S FecEa=:
tent. 24 5 'j" 1 %—: <
The broken line repre- 22 Y A it
sents a 19-year moving average ~ P 1
trend. As a 19-year moving 2= 3
average lacks the first and 18 o=
the last nine values these k +
have been added arbitrarily by 18 T
a dotted line. :
Until later in the analy- L t -
sis we cannot tell whether or F s=ss
not the trend has continued to 12 E
go down since 1940, or has
leveled off. 1 n =, 3=
L[] I1x F1FF s
: g g g
F i ' . 2 .
T N — p— p—— -
This curve shows railroad !:;cf'_t _'4%' ace s ERSE R R
stock prices as a percentage 1 3o FEFEAERES ~—~ - __114}1_-{3;‘.*:1';5 T -
of trend, smoothed by means 120 F TR T . -
of a 9-year moving average. T —-19. 4 =4+ | e
This smoothing eliminates the jd 225231 =¥ B
9.year cycle also present in 100 s Srd 38
these figures, and enables 1 ’Jj_tu BESPERS RR=
you to see the 19.4-year cy- L e e i ma g o
cle more clearly. t L
I have added a series of 8o
ideal 19,4-year waves to guide 705 4 At
your eye, g § ;: § E
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A periodogram is merely a ‘“gram’” or

writing down of the periods, or wave-
lengths chosen for study, and the strength
or amplitude of each. That is, it gives
you a chart of a table of wave lengths and
amplitudes, Wave length is given Ly the
horizontal scale. Amplitude is given by
the vertical scale. (For a discussion of
the harmonic scale used and the methods of
charting see an article called ‘A New Form
of Periodogram” starting on page 54 in the
Winter 1950.5] issue of the quarterly
Journal ef Cycle Research.

Whenever the amplitude gets lLigger as
you increase the wave length, and then
gets smaller as you increase it still fur-
ther, you know that there ma y bLe a cy-
cle of the wave-length which shows the
greatest amplitude.

That word m a y is very important. A
peak in the periodogram could mean (1) a
repetitive cycle of the indicated length,
or (2) that a few important accidental
variations just happened to come at inter-
vals of that length or some multiple of
it, or (3) that a real cycle has Leen
split up or that two or more real cycles
have combined to give an appearance of
strength at a false length. (See an article
called ‘Limitations of the Periodogram”
printed in the June 1951 report.)

In other words, a peak in a periodogram
is like the wink of a pretty woman. Tt
could mean (1) that she likes you and

— Report for April 1952

wants to know you Letter, or (2) that she
has a cinder in her eye, or (?) that she
1s winking at someone just hehind your
left shoulder. With the woman you have to
go on from there and investigate to find
out the true state of affairs. And so it
is with the peaks of a periodogram, also.
A better analogy might Le to compare

the peak of a periodogram with the ‘“ping”

of an Asdic or submarine detecting device
of the sort used by destroyers in the last
war. Such a ping m a y mean a submarine,
or it may mean a whale, or a school of
fishes, or even sometimes perhaps a vortex
of water currents.

With these explanations T print for you
the talle on page 128 which indicates the
wave lengths of cycles, which ma y be
present in this series of railroad stock
prices,

This table (Table 1) gives recognition
to every little wiggle of the periodogram.
Most of these little wiggles probably have
no significance. That is to say, probably

- there are not cycles at both 4.? years and

4.9 years. Probably there are not cycles
at both 5.0 years and 5.1 years. However,
as this is merely reconnaissance, it does
no harm to indicate the possibility.

You will want to know how the wave
lengths suggested by the periodogram com-
pare with wave lengths suggested by my
earlier work and by the work of Mr. Hughey.
Such a comparison is made for you in Tal'le

Fig. 3. Periodogram of Railroad Stock Prices, 1831 - 1950.
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TABLE 1.
PosSsinLE CYCLES INDICATED 8Y PERIODOGRAN

CYCLE LENGTH  INDEX OF CycLe INDEX OF CycLe INDEX OF
IN-YEARS APPROXIMATE LENGTH APPROXIMATE LENGTH APPROXIMATE
HanoniC AmPLITUDE HARMONIC tN YEARS AMPLITUDE HARMONIC IN YEARS AMPLI TUDE
1.2 100.0 10.2 *11.2 ¢10.7 *23.6 5.1 .7 3
*11.8 *10.3 *21.8% *24.0 *5.0 7.
*11.8 .*10.2
[ 133 [{1] BETwEEN AT LEAST
t.9a8 2.0 92.3 & 80.0 6.0 *24.7 *4.9 ee9 0
13.0 9.2 24.5 *2s5.1 *4.8 *
2.2 54.5 10.0
*14.4 *8.3 26.0 4.6 1.0
*185. 1 *7.9 0210 N
BETWEEN Bevween AT LEAST *15.4 *7.8
2.58 3.0 48.0 & 40.0 10.0 *26.9 4.5 .20
.27.2 *4.4 :
*156.7 *7.2 } “eta.0
3.7 32.4 §.0 *17.2 *7.0 *
*27.9 *4.3
+28.2 4.2 } *e2.8
4.6 26.1 25.0 1 *18.1 *6.6 o
*18.4 *g.5 |- :
*29.2 *4.1
6.0 *20.0 ..a8.0 °29.5  *4.) } °%6.9
6.3 *19.0 : *19.4 *6.2
*19.6 *6.1 ¢ 15.7
€20.2 5.9 30.7 3.9 6.0
*7.3 *16.4
9.7 ns.s} *37.0
*21.3 *5.6 }
*21.7 *5.5 ¢ 3§2.0
9.04% 9.4 13.3 8 12.8 *+20.0
on onr *22.0 *5.4
BeTwEEN BEYWEEN AT LEAST
9.08& 9.4 13.3 8 12.8 15.0 22.4 5.3 SMALL
BeTweEn BETWEEN AT LEASY
10.58 11.0  11.4 8 10.9 14.4 22.7 5.3 SMALL

* SUGGESTION OF MULTIPLE CYCLES
**CoMBINED EFFECT

9. (In this connection, remember that with

- the exception of the 19.4-year cycle, all
of the earlier work was done on com-
bined or mixed or industrial series and
that industrials and railroads behave
quite differently.)

In some cases, the periodogram tends to
confirm the wave lengths suggested by the
earlier work. In other cases, the periodo-
gram suggests that the cycles isolated
earlier are combinations of cycles of
closely related wave lengths. In still
other instances, the periodogram suggests

/

additional] wave lengths that should be in-

vestigated.

If you try to compare the amplitudes
given in Table 1 with the amplitudes as
shown by the periodogram you will run into

a certain amount of trouble because, when
the periodogram indicated wave lengths
very close to each other, it was necessary
to make adjustments to attempt to elimi-
nate the effect of the adjacent cycle or
tycles.

Also, you will notice an uneven spacing
of the bars of the periodogram, for ex-
ample for lengths from 11 to 1?2 years or
19 to 13 years. This irregularity is due
to technical difficulties in the operation
of the machine that could have been over-
come if we had had the time to make the
additional runs to fill up these gaps.

You need to be reminded of one other
fact. Namely, that deviations from a 19-
year moving average minimize all cycles
longer than 19 years. It is this fact



which largely accounts for the decrease in
amplitude as the wave lengths get longer
than 19 years.

The next step is to refine the work to
determine as nearly as possible the proba-
ble reality of each of these cycles, and
for those which are real, or seem to
be, the exact length, timing, amplitude,

TABLE 2
SUGGESTED WAVE LENGTH - (N YEARS
L] " [d "
by .:g : xg : x% : xg
> - -— . e - -— . - . . - - DY
o o x® z.l W x Q ® z-) o [-] = g.‘ Ug a o z:
& - DK < 2 & [ -3 < B & w < X3
58 F2p i3 | s¢ EEgi: 5 E2p i3 §¢ By i3
3.8 3.9 5.6 10.0 10.2 19.4 19.5
4.1 5.9 10.3 20.0
4.2 6.1 6.0 6.1 10.7 10.7 21.0
4.3 6.2 BETWEEN 23.3
15.0 109 & t1.4
4.4 6.5 26.1
12.0 12.0
4.5 6.6 30.0
) BETWEEN
4.6 6.9 12.8 & 13.3 32.4
4.8 7.2 7.2 13.5 37.5
4.9 4.9 4.9 7.7 7.8 14.5 BETWEEN
40.0 8 8.0
5.0 7.9 15.6
51.5
s.t 8.2 16.0
54.5
5.3 8.3 16.4
BETWEEN
5.4 8.5 18.3 60.0 & 92.3
5.5 5.5 19.0 100.0
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and shape.

When all the cycles have been pinned
down it is an easy matter to project them
into the future and to show their effect
for the future, provided of course that
they are real and that they continue.

All this we will do for you, step by
step, as fast as possible.




TECHNIQUES INVOLVED IN THE CONSTRUCTION
OF THE PERIONOGRAM OF RAILROAD STOCK PRICES 1831-1950

Using the railroad stock price index of
the Foundation for the Study* of Cycles
(see page 143 of this issuve) we proceeded
as follows:

1. We converted the values to logs. We
did this chiefly Lecause logs are easier
to work with,

2. We next computed a 10-year moving
average of the logs in order to get an
approximation of the trend line.

{The other reason for the use of logs
appears at this point. A mqving average of

the logs gives you a geometric moving av- '

erage of the data, and a geometric moving
average fits the data better than would »
simple arithmetic moving average. 1f we
had not used logs our moving average would
bave been an arithmetic one.)

We chose a moving average trend instead
of some other kind of a trend chiefly be-
cause you can so easily calculate the ef-
fect of a moving average upon cycles of
every possible length. Such computations
cannot be made easily, if at all, for other
curved trend lines.

We chose a 19-year moving average in-
stead of a moving average of some other
length because the most important cycle in
railroad stock prices has an average
length of about 19 years and, therefore, a
19-year moving average gives a smoother

trend than any other moving average that
might have bLeen selected.

2, ¥e extended the 19-year moving aver-
age arbitrarily for the nine years at each
end of the series lost Ly the moving aver-
age computations.

A. Tn order to keep the answers in
terms of percentages and to avoid negative
logarithms, we added ?2.000 to each log of
the data. From the sum we then subtracted
the logs of the corresponding value of the
moving average. The answers gave us the
logs of the percentages that the original
figures were of the moving average trend.

S. Ve plotted the result as shown in
Fig. 2 or pages 124 and 175.

6. We traced this curve time after time
with the stylus of the harmonic analyzer
in order to get the sine—cosine values
for integral harmonic intervals.

7. Ye then chopped short sections from
each end of the curve to get a shorter

. over-all length and repeated the process to

get sine—cosine values for the integral
harmonics of the shorter length which were,
on their part, fractional harmonics of the
original length.

R, We then computed the square root of
the sum of the squares of the sine—cosine
values and recorded the result in the
periodogram on pages 126 and 127.
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POSSIBLE CYCLES IN INDUSTRIAL STOCK PRICES,

1871 —

Summary

A comprehensive reconnaissance szrvey
of fndustrial cormmon stock prices, 1071-
1950, suggests a multitade of cycles, the
Tength end relative fmoortance of which
are shown in the srticle.

Thie stocdy supplements the reconnais-
ssnce survey of ratlroad steck prices,
1831-1950, published in the April 1952 re-
port,

As with the rallroad study, the task
shead is to investigats sach one of the
indlicated cycles to ses 1f 1t §is rhythmie,
snd il so, teo determine its various char-
acteristics such as shaps, timing, length,
and smplitude, and to get some ides of tts
probable reelity.

Thoss cycles that “stand uvp” can bs
projected into the futare.

N the April 1952 report I presented to

you the results of a multiple harmonic

analysis of railroad stock prices,
1831-1950. In this report 1 shall give you
the results of a similar analysis of in-
dustrial stock prices, 1871-105n.

This study, like the railroad stock
price study, ‘was made possible by the
generosity of Stockham Valves & Fittings,
Inc. of Birmingham, Alabama, who supplied
the money, and the Mico Tnstrument Company,
of Cambridge, Massachusetts, who gave free
access to one of their latest model har-
monic analyzers.

The actual work was done by Alexander
Malinowski of the Foundation staff who
laid out the work, operated the machine,
and computed the final values.

As we had the use of the machine for
only a limited period of time, the making
of these periodograms necessitated a peri-
od of intensive activity. In order to
bring these results to you Mr. Malinowski
worked an average of 114 hours per week for
the three weeks during which the machine
was available. On at least two occasions
he did not go to Led at all.

1950

pencil, and an ordinary calculating ma-
chine such as a Friden, Monroe,or Marchant.

'y way of background in connection with
‘mmechanical brains” you may wish to read
correspondence with Mr. R. 1. Abbay, Jr.
of Memphis reprinted in this report in the
Letters section on page 188. You may also
wish to refer to the railroad stock price
article referred to alove and to an arti-
cle on page 514 of the Spring 1952 issue
of the Journal of Cycle Reussarch called,
“A New Form of Periodogrem.”

The Data

For our industrial stock price study we
used the Standard & Poor’s Corporation se-
ries of Industrial Common Stock Prices
(365 stocks) as carried backward to 1871
by Alfred Cowles II] and Associates in
their book, Common Stock Indexes, and as
adjusted for trend.

We charted the actual index for you on
page 87 of our March 1951 report. We
charted the deviations from trend for you
on pages 148 and 149 of the April 1951 re-
port. We gave you the numerical valves in
logs of these deviations on pages 146 and

20
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147 of that same issue. On page R6 of the
March 1951 issue we printed a chart to
show you the dates when the stocks of the
various industries were added to the
index.

Scope of the Analysis

In meking the multiple harmonic analy-
sis of industrial common stock prices, we
analyzed the entire series of R0 years or
960 months down to its 21st harmonic. That
is, we scanned the series for cycles of
all lengths from RM years long down to

of 0 years, or 45« months long.

We then divided the series into three
separate parts, each part 320 months long.
We analyzed these three parts separately
down to their 21st harmonic. This work
gave us a reconnaissance of all cycles
that might be present in each third of the
series down to wave lengths 37 of 220
months, or 10+ months.

Finally we divided the series into
sixths, each sixth teing 160 months long.
We intended to analyze each one of the six
segments down to its 1st harmonic (wave

CYCLES — Report for May 1952

lengths of 5= of 160 months, or Se months).
Unfortunately time did not permit us to run
through the machine any except the last
two sections, namely, the Sth sixth, from
May 1924 through August 1937, and the 6th
sixth, fram September 1937 through December
1950,

As you can see from the foregoing de-
scription, we made six different multiple
analyses of industrial common stock pri-
ces—one analysis of the series as a whole,
three of the series by thirds, and two of
the last two parts of the series by sixths.
This is the most intensive analysis of
these prices ever made, as far as I know.

$ix Periodograms Obtained

From these analyses we were able to
construct six periodograms which are shown
herewith as Figs. 1 to 6 inclusive.

.A periodogram bears the same relation-
ship to a forecast that a recipe bears to
a piece of cake. A periodogram is a highly
desirable prerequisite to cycle analysis,
but it will not provide you with facts you
can use directly. If all you want is final
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to wave length 8 years and then goes down
again to wave length A% years. This means
that there ma y be a cycle at wave
length 8 years (read from the bottom scale)
with a strength of about 11 (read from the
side scale). As we go still further to the
right the curve goes up again to about
wave length 9% and then down again to 10.
This indicates that there may Le a cycle
with a wave length of about 9 years with
strength or amplitude of about 22, —twice
as strong as the cycle with a wave length
of 8 years.

Scales Used

The vertical scale is easy to under-
stand. However, if you notice carefully
you will see that the wave lengths on the
horizontal scale get closer and closer to-
gether as you go toward the right. For ex-
ample, in Fig, 1, wave lengths of 20 years
and 40 years are separated by no more
horizontal space than are wave lengths of
R years and 10 years. This is so because I
have used a harmonic horizontal
scale. A harmonic horizontal scale should
always be used for periodograms.

In a harmonic scale equal horizontal

CYCLES.— Report for May 1952

distances represent equal harmonics or

unit fractions of the total length of the

series being analyzed. Thus in Fig. 1, as

the series being analyzed is 80 years long

(1871-1950), the harmonics are—

Ist harmonit 0

( fundamental), years

2nd harmonic, 40 years (% of 80 years)

rd harmonic, 26.6 years (¥ of R0 years)

Ath harmonic, 20 years (¥ of #0 years)

Sth harmonic, 16 years (} of R0 years)
And so on.

Tt is these harmonics or unit fraction
lengths that are represented by the heavy
vertical lines, starting with the first
harmonic at the right and running to the
2lst harmonic at the left. The harmonic
scale is shown, running from right to left,
at the t o p of the periodogram.

At this point I would like to introduce
the idea of fractional harmonics. In Fig.
}, if the 3rd harmonic represents } of
80 years and the 4th harmonic represents
% of 80 years the location yd of the
way from the 3rd harmonic to the 4th har-
monic would logically represent 7 of
80 years or 25.8 years. If you look at
Fig. 1 you will find a hint of a cycle at
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little more off the series and do it again,
time after time, until you get all the
points you want.

In the periodogram of the multiple har-
monic analysis of railroad stock prices T
showed you all these values by means of
vertical horizontal lines. In the periodo-
grams printed herewith, charting the re-
sults of the multiple harmonic analysis of
industrial stock prices, I am showing you
the results by points, connected to each
other.

The points are not all connected. We
connected only the points representing the
same harmonic. Thus, in analyzing the en-
tire series (Fig. 1) when we came to the
17¢th harmonic weTéound the strength of the
average cycle of the entire series
long (#%>or 6.F years) to be 3.25. This
valve was plotted as a point with a circle
around it. Then we cut about a year off
the end of the series and found the 12th
harmonic of the slightly shorter series;
and so on six times to get six more points.
It is these seven points which are con-
nected.

Ry the time we had cut six sections off
the original curve we had reduced its
length about six years so that 5 of
the abated length was just about as long
as 1'% of the original length.

Therefore on the line representing the
13th harmonic of the original series

CYCLES — Report for May 1952

(82 or 6.2 years long) you had two points:

one with an amplitude or strength of 8.7

representing the 12 harmonic of 80 years,
the other at amplitude 7.] representing
the strength of the 13th harmonic of 73.8

years.

Reasons feor Discontinuity

As the 12th harmonic of 73.8 is 6.2
years long and the 12th harmonic of R0 is
6.2 years long they hoth represent waves
of identical length. Why, then, do we not
get the same strength or amplitude?

Jdeally we should, but there are two
3ources of error that have crept into the
work which you should know about and be
forewarned against. First, in the two
analyses we are not dealing with the same
data. Six more years of data in the longer
curve can materially alter the picture.
Second, a harmonic analysis should deal
with data that has been fully corrected
for trend. That is, the curve should end
at the same value as the value at which it
starts. Tn multiple harmonic analysis this
is not always feasible. An error is intro-
duced for this reason also.

Sources of Error

On the other hand, these errors are not
usually too important, because there are
two other errors inherent in harmonic an-
alysis which are usually even worse.
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Why bother too much about little errors m AN TS
when there are Ligger errors to start S IEETs SRERS EYREI LESTIBET \EERceunes tal Ll A 14
with? Anyway, we are looking only for %,&j SR AT AMg TyoeE
relative strength and this can J1:t;fln14;u :';71: 51 B3H B ﬁﬂ‘a‘
usuvally Le figured out. For example, in pi2 £330 ER310 PERTE ERRSH X X -MRR1LRRE Ptu) HA09E
Fig. 1 at the 13th harmonic it does not b1 53 ek (021 EER Y F EEY EEE B
much matter which of the two amplitude A2SS ShLLs 3; T EEETAT 1 53 Tek ;%Lsz
values is correct—there is no peak there g i Hs e ) Hiy
anyway (if there were, the line from the 8 R R B EREE EERN:
13th to the 14th harmonic would slope 4] B BN A2 IR
down), and peaks are all we are interested 2 S TN % :
in.

The two larger errors T have just men-
tioned are these: First, mechanical har-
monic analysis has no way of getting rid
of or even minimizing random numbers.
(There is a way of doing this in paper and
pencil calculation, as T have mentioned
from time to time and will explain fully
some day.) Unless you can minimize the
random numbers you get serious distortions.

Second, when more than one cycle is
present, harmonic analysis puts the peaks
at the wrong places unless the length of
the series being examined covers the full
synodic period of the two cycles—that is,
unless it is long enough to let the two
cycles come around into step with each
other again. For example, if you had five-
year cycles and six-year cycles you would
not get peaks at the right places on your
periodogram unless you took 30 years of
data (or some unit multiple of this length,
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such as 60 years or 90 years). If you took
some other length of data, such as 12
years or A5 years you would get your peaks
moved a Lit one way or the other—and per-
haps quite a bit. (ITn this connection,
refer to ‘Limitations of the Periodogram,”
an article printed in our report for June
1951.) In view of this fact, and the utter
impossilility of using enough data to give
you the synodic period of all the differ-
ent cycles, you are going to get errors
from this source too. That is why the two
other errors T spoke of at first do not
loom too importantly.

Finally, there are errors of interpre-
tation of the periodogram which arises in
actual practice Lecause you do not have
enough points Letween harmonics. For ex-
ample, in Fig. 1 we have placed an arrow
at the 6.1 harmonic (1% of a harmonic
interval to the 1 e f t of the numeral
six at the top of the chart). This means
that we guessed that the curve might go up
Letween the Ath harmonic and the 6.2 har-
monic, cresting perhaps at 6.1, Tt is a
guess that seems reasonal:le and can he
rather easily justified. My own private
unjustifialle hunch, however, is that the
peak really lies between 6.2 and 6.5, that
it 1s on its way d own at 6.2, and 1s
coming u p again at 6.0 toward a second
peak at 5.9 fall numerals referring to the
harmonic scale at the t o p of the page),
and that 6.1 probably represents a 1 ow
spot instead of a peak.

Periodograms Bive Mersly Hints

For all these reasons you must con-
sider the peaks of the periodograms merely
as hints of cycles which may possibly be
present in the series. You must go on from
there.

Two other points need to le discussed:
First, why are there gaps with no coverage
at the right of the periodograms and over-
laps with double coverage in the left sec-
tion? Second, when we lLreak the curve.into
sections, as the lst, 2nd, and 3rd thirds,
why are the various sections not consistent

with each other? Why, for example, do we.

find a cycle about °3 months in the sec-
tion from 1950 bLack to 1924 and from 1924
back to 1897, Lut not in the section 1897
back to 18717

CYCLES — BReport for May 1952

Why Are Thers Gaps
in the Pertodogram Curve?

To answer the first question first,
there are gaps and overlaps because the
machine computes values for five harmonics
at a clip. The particular machine we worked
with computed five even harmonics or five
odd harmonics. That is, it would run the

1st, ¥rd, Sth, 7th, and 9th harmonics at

one time, the 2nd, 4th, 6th, Rth, and 10th
harmonics, the next time, then the 11lth,
13th, 15th, 17th, and 19th harmonics, and
so on.

Now suppose that, as in Fig. 1, you de-
cide that you will make a total of seven
runs for each harmonic as we discussed
above, chopping off sections of the curve
so that the 19th harmonic of the shortest
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section will just exactly equsl the 20th
barmonic of the entire series. That is
easy to compute. The 20th harmonic of R0
years is 4 years (3%). The 19th har-
monic of 7A years is 4 years. The two
points will coincide. The 12th harmonic of
R0 years is or 6.6, and the 11th har-
monic of 76 years is only 6.9 years. We
will, therefore, have no coverage between
6.6 years and 6.9 years.

If we chop more off the original 80
year series we can get the 11th harmonic
to come out right, and equal the 12th
harmonic of 8Q years, but then the 19th
harmonic of the shorter length will over-
lap not only the 20th harmonic but all
values almost to the 21st harmonic as
well.

This being the nature of harmonics
there is nothing you can do about it ex-
cept to choose some middle ground. This
works out pretty well except for the first
few harmonics, say from the lst to the 6th:
In such cases, we scanted the shorter har-
monics because the longer cycles involved
have no chance to repeat themselves many
times anyway, and therefore, although they
may be perfectly real, one can have no
good internal evidence of that fact.

Why Do ths Different Sections
of the Periodogram Shaw Different Rewults?

This brings us to the final point of
this article. Why do you not find the same
cycles in each of the different shorter
sections as in the entire series? ¥hy do
you not find the same cycles in one short
section as in another?

There are many reasons why it could be
so. Perhaps in some instances it is one
reason, perhaps in another instance it is
another.

Here are some of the possible explana-
tions:

1. The peak in the periodogram could
reveal merely some grouping of large ac-

- cidental distortions.

2. The cycle might actually be present
as a rhythmic cycle in part of the curve,
but might be present as a result of random
forces just happening to®come at rhythmic
intervals (see article called ‘Cycles in
Bandom Numbers,” in our January 1952 re-
port).

CYCLES — Report for May 1052

3. The cycle may have changed its
length over the period of time.

4. The periodogram indications may be
wrong.

5. We may be dealing with a compound
cycle, the two parts of which largely off-
set each other in the section of the curve
where it did not appear.

6. The cycle may be a characteristic of
some particular part of the composite
which was not present throughout the se-
ries. For example, if the 23-month cycle
spoken of above was present from 1897 on,
but not from 1871 to 1897, it might mean
that this cycle is not present in ship-
building, mining, iron and steel and other
sorts of stocks in the index prior to
1897, but is oresent in textile, fertiliz-
er, tobacco, or other sorts of stocks
which were added to the index at the turn
of the century.
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Tabls | Gives Wave Lengths

This brings us now to Table 1 which
shows the wave lengths in industrial com-
mon stock prices suggested by the six
periodograms and, for comparison, the
wave lengths suggested by the periodogram
of reilroad stock prices, 1831-1950, as
reported upon in our April report,

Table 1 does not show the strength or
amplitude of the various cycles. Jf you
wish this information you can read it from
the periodogram concerned. In connection
with this matter or strength, remember
that if two cycles fall within a harmonic

interval of each other they supplement -

each other’s amplitude. Thus, if you have

CYCLES — Report for May 1952

two cycles with amplitude of four with
lengths half of a harmonic interval apart
they do not both have an amplitude of four.
In fact, neither one of them has an ampli-
tude of four. The real amplitude of one
adds to part of the real amplitude of the
other to give sn a pparent ampli-
tude of four.

T am sorry this article has had to be
so long and so technical. Unless you are e
serious student T hope you skipped it!
When, in future reports, we go on from
here to discuss the various cycles sug-
gested and to project them into the future,
it will be more interesting. erd

T A B L E 1.
CYCLE LENGT™H SUGGESTED 8Y PER{ODOGRAMS

InousTRIAL Srock PricES

NTIRE FIRST SECOND THiIRD IFT™H

INDUSTR (AL Stock Prices

SERIES THIRD TMIRD THIRD SIXTH SiXTH | SERIES SERIES THIRD THIRD THIRD
Mo. Mo. Mo. Mo. Mo. Mo. | Mo. Mo. Mo. Mo. Mo. Mo .
s.' 5‘1 35:6 36-2
5.3 5.3 3.0
56 56 41.6 41.8
4 3.0
5.0 s9 4 6 46.7 47.0
64 63 48.6 P 49.0
6.5 YRS . YRS. YRS YRS, YRS. YRS, YRS,
s 57 - 42 a2 42 4.2
e a3 '
80 8.1 4.4 4.4
- 8.5 8.3 4.5 :~:
8.2 g’g a8 4.8 4.8
9.9 4.9 :.?
10.6 10.5 10.3 10.2 53 4
1008 103 107 53 23
1.1 1.1 1.2 : s
11.5  1t.5 1.4 1.6 5.7 45
120 122.1 1.9 1.9 2
2310 12 60 61 s
3.1 §3.2 13.6 13.1 13.3 g
13.7 139 138 70 58
14.4 14.5 14.5 : e
146 149 147 L
1%.3 5.5 79 ‘ . L8
5y % e 6s 82 8.5 8.3
' . 9.3
N Ba ™7 10.8 107 103
216 . 1.3 1" a3
222 22.7 3.1 12.7 13.3
23.7 23.2 237 .
13.6
24.3 15.8
24.9 249 7.8
25.8 ' 19.3
191
27.8 42 2.2 24.0
28.6 29.1 25.8 %1
30.5 30.2 3.6
32 54.6
34.2 342 1100.0



POSSIBLE CYCLES IN PIG IRON PRICES,

- 1784 -

Saummacry

A maltivle harmonic analysies of pig
fren prices, 1784—1951, suggests the
length and amplitude ef sach of s number
ef cycles which may bs vresent in thess
figures. Pig iron orices ars important
from the standsoiat of eycle study, mot
snly becaunss vig iren is an imvertant in-
dostrial commodity, but becaunse of the
success mads by Samusl Benner fn 1974 in
forecasting orices of pig lron by mesns of
cyclss. Imaginary vurchases 2ad seles,
sad short ssles, made on the basis sf
Benner's forecast showsd 2 gain-loss ratio
of 31 to 1 over a period of 65 ysars. The
multiple harmonic analysis shown belew is
the first atep toward snather prefection
which {t s honed will be us good.

the results of multiple harmonic

analyses of railroad stock prices,
1231-1950 and industrial stock prices,
1871-1950, These accounts appeared in the
April 1952 and May 1952 issues respective-
ly. In this issue we present the results
of a multiple harmonic analysis of pig
iron prices, 1784-1951, made at the same
time.

All these analyses were made possible
by money supplied by Stockham Valves &
Fittings of Pirmingham, Alabama, & machine
supplied Ly the Mico Instrument Company of
Cambridge, Massachusetts, and the zeal of
Alexander Malinowski ot the Foundation
staff, who worked 114 hours a week for
three weeks in order to achieve the re-
sults in the time availalle.

It seems needless at this point to
describe again the techpiques and signifi-
cance of multiple harmonic analysis except
perhaps to state that peaks on the periodo-
gram indicate (on the lower scale) the
length of rhythmic repetitive cycles which
may be present in the series of figures
being analyzed. ' '

If you want further information alout
multiple harmonic analysis and periodograms
refer to our May 1952 report.

We have indicated for you by means of
arrows the positions at which the periodo-

I N previous issues I have told you of

1951

gram curve seems to crest. These lengths,
and the relative strength of the cycle in-
dicated Ly each, are shown in the follow-
ing table.

TABLE 1

CvyCLE LENGTH AND AMPLI YUDE
SUGGESTED BY PERIODOGRAMS.

Lengto LENGTH LengTH

IN  AMPLI- IN AMPLL - IN  AvPL) .
YEARS TUDE TUoE YEARS TUDE
4.1 1.8 5.4 3.1 7.9 4.8
4.2 1.6 8.9 3.1 9.1 11.0
4.3 1.8 6.1 3.9 9.2 1.1
4.5 2.8 6.3 t.9 10.4 5.8
4.6 1.5 6.4 2.3 1.1 2.2
4.7 2.0 6.5 2.2 12.2 2.5
4.8 2.0 6.6 2.1 13.8 9.6
5.0 2.7 6.8 4.6 15.2 8.5
5.t 1.2 6.9 4.2 17.8 16. 4
5.3 4.4 7.2 2.7 27.8 11.8
5.4 4.3 7.4 2.8 $2.2 21.4
5.8 3.4 7.6 2.8 151.8 41.2

These lengths must be thought of merely
as h i1 nts which must be explored by
more intensive methods of research. They
have, however, the virtue that they give a
continuous spectrum of possibilities, and
that the machine had no preconceived no-
tion of cycles which “ought” to be present
in this series of figures,

When these various hints have -been ex-
plored it my Le possible to duplicate the
feat of Samuel Benner. In 1874, using
merely a knowledge of cycles, Renner made
a forecast of pig iron prices which is one
of the outstanding achievements of cycle
research. If you had bought and sold, and
sold short and covered, except during
World War I, on the basis of this forecast
you would have made 2P2.5% as against
losses of 9.?* for the period 1274 to
World War TI, These figures work out to a
gain-loss ratio of 31 to 1. If you had
used the formula right through World War
1, your gains would have Leen 425.8”,
making a gain-loss ratio of 44.% to 1.
[lenner's forecast was discussed in detail
in our reports for February and March
1952.

With the aid of the multiple harmonic
analysis presented herewith, it may be
possible to duplicate Penner’s success.

erd
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LESSON XVII

HOVING PERCINTAG™S, 11OVING RATIOS, AMD 1OVING DIFFZRENCTS

Vhen the various methods of getting hints of cycles as explained in Lesson Vi
prove unavailine, or vhen you want to senarate cvcles so that eagh can be seen more
claarly, vndistorted by the other, you must resort to filterine.

One of the best methods of filtering is the method of moving percentarcs (and
its variants, moving ratios and moving di:ferences).

Hoving pe centages are the simplest things in the world. Every day you read
things like, "Business last month was 105 above the same month a year ago."” A month
later you will read a similar comparison. A series of such percentages constitutes

vhat is knowvn as a moving percentacse.

The interval of time does not have to be a year. It can be anything, but for
any given moving percentage it remains constant.

The term moying percentare, like the term moving average, is always qualified
by a time interval. Thus we speak of a 12-month moving vercentage, an 18-month
moving percentase, etc.

The computation of a moving percentage is quite simple. Consider the table
at the top of the following page in Column B of which I have computed 12-month
moving percentages of variety store sales, in millions of dollars, by months a
year and a half.

Ther~ are no 12-month moving percentages recorded for 1953 because, in the
tadle, there are no data 12 months previous with vhich to compare them.

The first of the 12-month moving percentages, the one for month No. 637, is
Sl 65 because the sales for that month are 94.6% of the value for month No. 625,
12 months earlier.

In column C I have computed 13-month moving percentazes in the same way.

To compute moving ratios you merely move the decimal point two positions to the
left.

To cormute moving differences you merely subtract instead of divide.
In dealing vith lozs you merrly subtract (to accommlish division) and add 2 to
your ansver so as to avoid negative logs and so as to keep your ansver in logs of

percentases instead of ratios. See Columns D¢ E,

If you will take the trouble to look un the anti-logs of Column E you will see
that they are the nercenta~es recorded in Column B, except for errors of rounding.

I can't think of anything more to tell you about the mechanics of moving
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TABLY TO ILLUSTRATS THZ COI[PUPATIOH OF
HOVING PERCEITAGTS AID HOVII'G DIFFERENCIS
A B c D B
lfonth lfonth Data 12-month 13-month Logs of 12-month
Bumber Name moving moving Data moving
percentages vercentages Differences
of Logs
of Data
(42.000)
625 Jan.'53 186 -— — 2.2695 -
626 Fed. 193 - - 2.2856- -
627 Har. 232 - - 2.3655 —
628 Apr. 245 - - 2.3892 -
629 Hay 235 —~— - 2.3711 -
630 June 241 — - 2.3820 -
631 July 233 _— _— 2.3674 _—
632 Aug, 242 - - 2.3838 -
633 Sevt. 240 _— - 2.3802 -~
634 Oct. 264 - - 2.1216 —
635 Hov. 257 - - 2.4099 -
636 Dec. - 526 - — 2.7210 -
637 Jan.'s4 176 9k4.6 - 2.2455 1.9760
638 Feb. 188 97.4 101.1 2.2742 1.9886
639 Har. 198 85.3 102.6 2.2967 1.9312
640 Apr. 249 101.6 107.3 2.3962 2.0070
641 Hay 222 9.5 90.6 2.3464 1.9753
642 June 231 95.9 98.3 2.3636 1.9816

percemtazes, moving ratios, and moving differences.

Prom the standpoint of cycle analysis moving percentnzes are imnortant because
thev epable you to minimize certain elements of a time series and to masznify others.
By use of them you can often discover cycles which would othervise escape you, and
diccover the characteristics of cycles which night otherwise be vague or uncertain.

I could catalog all the gualities of moving percentages for you, and I would
be glad to do it if I did not feel that you would gain a greater mastery of this
technique if you make your own discoveries. Therefore, instead of ziving you all
the amswers, I am going to give you a carefully nrepared series of.problems so that

you can get the ansvers for yourself.
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Lesson XVII ~ Problems

Problem 1. Here is a trend which increases at the constant rate of 2% a year,
Compute 3-year and 10-year moving percentages. Also compute 3-year and
10-year moving differences. Space is allowed for the result.

lioving Hoving
Percentages Differences
Year Trend 3-Year 10-Year 3-Year 10-Year
1l 100,00
2 102.00
3 104,04
L 106.12 16042
5 108,24 s
6 110,41
7 112,62
8 114.85
9 117.15
10 119.49
11 122,88 [2L.F}
lg 126.80 .
1 129.3% lod />
15 131.92
16 134.56
17 137.25
18 140,00
19 142,80 -
20 145,66

Problem 2. Following is a trend that increases at the constant rate of 5% a year,
Compute 3-year and 10-year moving percentages and 3-year and 10-year moving

differences,
Moving Hoving
Percentages Differences
Year Irend 3-Year 10-Year 3-Year 10.-Year

1 100,00

2 105.00

3 110.25

4 115.76 A TR

5 121.55

6 127.63

7 134,01

8 140.71

9 47,74

10 155.13 )

11 162.89 (L2.52
12 171.03

13 179.58

14 188.56

15 197.99

16 207.89

17 218.30

18 229,21

19 240,67

20 252.71
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Problem 3, The following trend increases by the constant amount of 2.5 a year.
Compute 3-year and 10-year moving percentages and moving differences.

Year Trend
1l 100.0
2 102.5
3 105.0
L 107.5
5 110.0
6 112.5
7 115.0
8 117.5
9 120.0

10 122.5
11 125.0
12 127.5
13 130.0
LT3 132.5
15 135.0
16 137.5
17 140,0
18 42,5
19 145.0
20 147.5

Moving Moving
Percentages Differences
Year 10-Year 3-Year 10-Year
L0158
—_— 250

Problem 4, The following trend increases by the conetant amount of 4.0 a year.
Compute 3~year and 10-year moving percentages and moving differences.

Year Trend
1 60
2 6l
3 68
L 72
5 76
6 80
7 84
8 88
9 92

20 96
11 100
12 104
13 108
14 112
15 116
16 120
17 124
18 128
19 132
20 136

Moving loving
Percentages Differences
}-Year 10-Year 3-Year 10-Year

L2,
—_— Al

Note: The charts for Problems 1, 2, 3 and 4 are on Pages 6 and 7 of Supplement

2 of Lesson XVII.
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Problem 5.. There are two fundamental rules about the effect of moving per-
centages upon cycles vhich Problem 5 and Problem 6 should reveal to you.

Compute 20-month moving percentages (or differences) of the following cycles,

20-~lfonth 20-lionth 20<lionth
20-lionth Moving 10-tionth Moving S-lionth Moving
Month  Cycle 9 Cycle y 3 Lycle __ %
1 1 1l 1l
2 2 2 2
3 3 3 3
b L - L 3
5 5 - 5 2 ——
6 6 - 6 1
7 7 5 2
8 8 - 4 3
9 9 3 3 —
10 10 T 2 2
11 11 1 1
12 10 2 2
13 9 3 — 3 .
1k 8 4 3 e
15 7 5 —_— -2 .
16 6 6 1
17 5 _— 5 — 2 ——
18 b L 3
19 3 ] — 3 —eee 3 ————
20 2_ —_— 2 — 2 —_—
21 1 [.p 1 Lo 1 de
22 2 1+ 8 2 Lo 2 LD
23 3 A S 3 1Y . 3 Lo
2 b - b - 3 R
25 5 — 5 —_— 2 —
26 6 6 1 -
27 7 5 2 e
28 8 L 3 — e
29 9 - 3 3 ——eee
30 10 To 2 T 2 e

The oycles are continued below:

20-lionth K 20-lfonth

4ionth loving g2-Month Hoving
Month Cycle 4 Cycle 4

h 1 1
2 2 2 e
3 3 — 1 —_—
b 2. —— -2 e
5 1 —_ 1 —
6 2 ———— 2 —
7 3 —_— 1 —
8 -2 — 2
9 1 —_— 1

10 2 2

*
t
A}
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Problem 5 continued.

20-1ionth 20-lionth
4-lfonth Hoving f2.l{onth Hoving
Honth Cy

11
12
13
i
15
16
17
18
19
20
21
22
23
.3
25
26
27
28
29
30

j
:

TR

IR
e N e

Prom the relationship between the length of the moving nercentage and the lemgth
of the waves, what conclusion do you reach.

Problem 6. For each of the given cycles compute a 30-month moving percentage
(or difference).
-‘i | inTe 2 .
30-lio, 30-lfo. 30-ifo, 30-llo.

Honth Cycle ﬁ Cycle i Cycle ﬁ Cycle

1 1 1 1 1
2 2 2 2 2
3 3 3 3 — 3 —
113 it 4 L 2
5 5 5 5 —_— 1 —
6 6 6 6 2
7 7 7 7 3 —
8 8 - 8 —_— 6 - 2
9 9 9 5 1l

10 10 - 10 —_ b - 2 —

11 31 -_ 1 — 3 - 3



Problem 6 continued.

60-l%0.

3 O0-lfo,
lvg.

lionth Cycle 4
12 12

13
14
15
16
1?7
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
ko
Ly
L2
43
4y
Ls
ke
47
L8
49
50
51
52
53
4
55
56
57
58
59
60

13
1h
15
16
17
18
19
20
21
22
23
2
25
26
27
28
29
30
31
30
29
28

27
26

25,

24
23

22.
21.
20 .

19

18.
17.

16

15

14

13.

12
11
10

DLW Fn A~ OO

ELEREEREEEERRREREEN 11T

20-11o.

Cycle
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Here you will observe that the same effect applies to a cycle twice the length
of the moving percentage as to a cycle 2/3, 2[5, and 2/15 of the length
of the noving percentage. The cycle length used in this problem vwas
gselected because each is a vhole number. The same effect would pertain to
a cycle 2/?7 of the length of the moving percentage (or 8 — 4/7 months),
or 2/9 of the length (6-2/3 months)

Problem 7. If you are looking for a 9 month cycle wvhat moving percentage .
vould you use? Name 3 possibilities.

Problem 8. Suppose that in another case you are dealing with figures in which
‘ you suspect a 24-month wave vhich you want to confirm, There 1s also
present a strong seasonal. Vhat moving percentage would you use?

Problem 9. If you are checking different series for the presence of a L40~-month
cyele, what moving percentage would you use?

Problem 10. If a 6-year cycle is present in the S & P C A data, there is a
moving percentage which can be computed to eliminate the 9-year cycle and
at the same time emphasize any 6. Vhat is 1t?
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LESSCHN XVII
Supplement 1
liOVING DIFFERENCES
I am reprinting for you a three page article which appeared
in the September 1952 issue of Cycles (pages 233-35) called "The .
Three-Year Cycle in Industrial Common Stock Prices." I am reprint-
ing this article because it illustrates the use of moving differences.
A 27-quarter (8l-month) moving difference was used because a
noving difference of this length would, for all practical purposes,
eliminate 39- to 42-month cycles and 25- to 29-month cycles, and
would leave 36-month cycles relatively unaffected.

Problem 1. Set up a regular symmetrical l2-quarter (36-month) ecycle,

repeated several times. Compute the 27~quarter moving difference.
Plot the regular cycle. Under it plot the moving difference,
Problem 2., Prepare an amplitude chart to show for cycles of various
lengths the percentage of the original amplitude remaining when the
cycles are subjected to a 27-quarter moving difference.

In making your amplitude chart represent the various cycle
lengths (from zero up) from left to right along the X axis. Represent
the amplitudes remaining (which will range from zero to 2004) along

the Y axis,
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LESSON XVII
Supplement 2
MOVING PERCENTAGES, MOVING RATIOS, AYD MOVING DIFFEREVICES~-CONT INUED

As I said in the lesson, I would prefer to have you learn about moving percent-
ages, moving ratios, and moving differences, by working out the examples and making
your own generalizations. However, some students would prefer to have me do the
work; others will want a statement of principles for future reference. Hence this

supplement. I ask you not to read it until after you have worked Lesson XVII prob-
lems. ’

-

Ihe Difference Between Moving Percentages, Moving Ratiop, and Moving Differences
() Moving Percentages vs lioving Ratios.

0f course there is no difference, numerically, between a moving percentage and
a moving ratio. A curve of one looks the same as a curve of the other. The only
difference between the two is the location of the decimal point. For my own part
I prefer moving percentages. They are more meaningful to me. That is, the mean-
ing of 108.79% 18 easier for me to grasp than the meaning of the ratio 1.0875, even
though the one means the same as the other. This being so, and also for the sake
of simplicity, I shall drop the term moving ratio from here on and use the term
moving percentage alone.

(b) Moving Percentages vs Moving Differences.

Ordinarily you will do better to use moving percentages instead of moving dif-
ferences, but there are four exceptions, as follows:

(I) You must use moving differences if your series contains negative values,
because a number divided by a negative number gives you a number infinitely large.

(II) You must use moving differences if your series contains zero values,
because a number divided by zero gives you a number infinitely large.

(III} You will ordinarily use moving differences if your series contains
numbers that are very small in relation to the other mumbers., If you do not, your
derived series will be greatly distorted. For example, note the two month moving
percentage of the following values:

Month

1 2 3 4 5. 6 %

Values: 10 12 10 9 .1 9 8
Two month moving percentages: 100 75 1. 100 8,000

The value of 1. for the Sth month is bad enough, but note that § , expressed
as a percent, is 8,000! .1
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(Iv) And finally, in dealing vith logs you must use moving differences of the
logs if you wish moving percentages of your original values. If you uee moving

percentages of the logs you will get a moving root of the original value. You will
not ordinarily want this,

The Effect of lioving Percentages and lovingz Differenceg
(a) The Effect Upon Trend.

Hoving percentages and moving differences minimigze or eliminate trend. Let
ne illustrate:

Irends vhich increase at constant rates

Let us first consider a trend vhich increases at a constant rate. See Fig. 1,
in vwhick:(Durve A increases at 2% per interval, Curve B increases at 5% per interval.

The moving percentage will be a horizontal line above the 100*}‘3 line. See Fig.
1, Lurves C, D, B, and F.

The longer the interval of the moving percentage, the higher above the 100%
line will be the moving percentage line. Compare Fig. 1-E with Fig. 1-C; Fig. 1-F
with Fig. 1-D.

The moving difference will be nearly horizontal, increasing slightly. See
Fig. 1, ‘gurves G, H, I, and J.

The longer the interval of the moving difference, the higher above the 1004
line vill be the moving difference line. Compare Fig. 1-I vith Fig. 1-G; Fig. 1-J

The greater the rate of growth of the trend (Fig. 1-B versus Fig. 1-4), the
higher above the 1005 line will be the moving percent lines and the moving dif-
ference lines., Compare Fig. 1, Curves D, F, H, and J with their counterparts,
Larves C, E, G, and I.

Trends which increase by constant amounts.

Let us now consider a trend which increases at a constant amount. See Fig.
2 in vhich Curve A increases by 2 points per interval, Curve B increases by 5
points per interval.

The moving percentage will slope dovn gently toward the right. See Fig. 2,
Curves C, D, E, and F.

The longer the interval of the moving percentage the higher above the 100%
line will be the moving percentage line. Corpare Fig. 2-E with Fig. 2-C; Fie. 2-F
with Fig. 2-D.

The moving difference will be horizontal. See Fig. 2, furves G, H, I and J.

.- -
b .
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The longer the interval of the moving difference the higher above the 100%
line vill be the moving difference line. Compare Fig. 2-1 with Fig. 2-G; Fig. 2-J
with Fig. 2-H.

The steeper the slope of the trend (Fig. 2-B versus Fig. 2-A) the higher above
the 1005 line will be the moving percent lines and the moving difference lines.
Comparc Fig. 2, Curves D, F, H, and J vwith their counterparts, Curves C, E, G, and I.

* * * ] *

If the early values of the trend vhich increases at a constant amount are very
small numbers, the moving percentage will be more distorted from the horizontal
than it would be if they were not.

If the trend is increasing at an increesing rate moving percentages of it will
slope upward to the right. Illoving differences of such a curve will slope upward
to the right compared to vhat they would if the rate were constant.

If the trend is increasing at an increasing amount, moving differences will
slope upvard to the right. lloving percentages will increase more than they would
if the amount were constant.

The reverse of all this is true for trends vhich are increasing at a decreasing
rate or by decreasing amounts, and for trends which decrease.

However, in most instances, for all practical purposes, moving percentages
or moving differences eliminate trend. This is so because the gslope of the moving
percentages or the moving differences is usually fairly flat in comparison with the
slope of the trend from which it was computed.

(b) The Effect Upon Randoms.

Randoms may be thought of as below trend or above trend.

If both randois are above trend nr if both randoms are below trend, a random
separated from a previous random by an interval equal to the interval of the moving
percentage or the movinz difference is léssened by the moving difference calcu—
lation, relative to what it was orginally. If one of the two randoms is above
trend and the other random is below trend, the second random is increased. As
some randoms are lessened and some are increased by moving percentage and moving
difference computations, we may say that, for all practical purposes, there is no
change in the valus of randoms as a vhole after such calculations.

There is however an important change in the arrangement of the randoms which
I shall nov call to your attention.

Consider a series all zeros except for just one random, a low value at position
X. A moving percentage or moving difference of such a curve will have a lov value
at X and a high value at Y, just the interval of the moving difference later. The
manipulation has created half ‘of a wave.

Now if there is arother lov random about tvice the interval of the moving
percentage or moving difference after the firsit one, you will have two low values
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and tvo high values, each lowv and each high separated from the other by roughly

tvice the interval of manipulation. But two lows and two highs gives you the
beginning of a rhytlmic cycle.

If, later in the series, you have the same thing happening eagain, more or less
in step with the first time, you will have an even stronger indication of a

rm'rthmic cycle. The cycle is there, only, as the manipulation itself has created
it, it has no significance.

Of course if your original figures were smoothed by a moving average, the
excessively lov random we have imagined would have become a low ares and the arti-
facts created a litile later would appear as a high ares. The manipulation would
give you something that would look even more like one complete wavs.

In consequence of this fact it is better to ajply moving percentages and moving
differences to unsmoothed data. The artifacts can be picked out better if you do.
They can then be discarded or ignored.

A method to nullify these artifacts will be given later.

(c) The Bffert Upon Cycles

lloving percentages and moving differences completely remove any cycle of
exactly their own interval and any exact harmonic (unit fraction) of that interval
Thus a 60-month moving percentage or moving difference will completely eliminate
any 60-month, 30-month, 20-month, 15-month, 12-month, 10-month, etc. cycles down
to 2-month cycles (2 months is 1/30th of 60 months) all at one fell swoop.

A moving percentage or a moving difference will almost remove all cycles
. which are almost its own length or almost unit fractions of its own length.

All this is so regardless of the shape or symmetry of the cycle, as long as
1t is truly repetitiouvs.

These facts make it possible to use moving percentages or moving differences
to simplify a complicated series.

A moving rercentaze or a moving difference of a symmetrical cycle (regardless
of whether it is zizzag or sine shape) will double the arplitude of any cycle
twice its length or 2/3, 2/5, 2/9, etc. of its length.

Ps a 60-month moving percentage or moving difference will not only double
the amplitude of any symmetrical 120-month cycle which may be present but will
double the amplitude of any 40-month, 24-month, 17 1/7-month, 13 1/3-month,

10 9/11—month cycle, etc.

If the cycle involved is almost symmetrical the amplitude will be almost
doubled,

If the cycle involved is almost of the indicated length its amplitude will be
almost doudled, :
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Fote that the effects are highly selective. For example, in the example given
the 60-month moving percentage or moving difference will, at one and the same
time, double a 17 1/7-month cycle, eliminate a 15-month cycle, double a 13 1/3-
month cycle, eliminate a 12-month cycle, double a 10 11/12-month cycle, eliminate a
10-month cycle, etc.

The Use of loving Percentages and Hoving Differences in Cycle Analysisg.

It should be obvious from the characteristics of moving percentages and moving
differences as outlined above that these manipulations are useful for minimizing
trend, for separating cycles, and for revealing hidden cycles.

For example, if you have particularly complex series of figures which do not
yield their cycle content by any of the simple expedients outlined in Lesson VI,
you can subject your figures to moving percentage or moving difference manipulation.
Plot the result, and see vhat you see. -

Suppose you have about 100 yearly figures. A l-year moving percentage would
double a 2-year cycle and minimize trend and cycles larger than 4 years, dbut of
course 2-year cycles are pretty short to look for in annual data.

A 2-year moving percentage would double cycles 4 years long, eliminate 2-year
cycles and minimize trend and cycles over 8 years long.

And so0 on.

If you compute l-year, 2-year, 3-year, 4-year, S-year, b-year, 7-year, 9-year,
and 10-year moving percentages of your figures I'll bet a cookie some cycles will
ghov up in addition to the artifacts introduced by the randoms. (The cycle you find
may not be significant, but that's another story.)

Getting rid of Artifacts.

The artifacts don't need to bother you. For example, a 2-year moving per-
centage will create artifacts which might occasionally look something like a L.
year cycle. The question is, is the 4-year cycle real, or is it a reflaction of
the randoms? You can often tell this by reference to the original series, You
can use moving percentages to tell you too: Compute a 8 wyear moving percentage
(1 1/2 four year waves). Such a moving percentage will reveal a true 4-year
cycle just as vell as a 2-year moving percentage. Such a moving percentage vill
have no 4-year artifacts (its artifacts, if any, will be 12 years, crest to crest).
If the 4-year cycle persists in the 6-year moving percentage it cannot be the re-
sult of the technique.



SUPPLEMENT 2

il

PR &

TR

o

it
siddge Zifoat.

it

calt !
ripn

T

”;iféﬁ;:ﬁ

ovit
Bl

ng ¥
ek

[!f:,
1
LéYol at;?

. ".‘tw
_{B1ojine
:{Blohes! g

v
i

I e




£

ol b

3

o' 8 zg)iﬁf

)

£

i

Hit

0 ,
) L

SUPPLEMENT 2

e

]
'R

Bé&:.fa'

Ut 21,

rond

i
>

g

nre
len

#,ffff;“

!
qftamt
.g ! i

4
2
b
2113

;"”’ﬂ‘!. .
ufrom;:
oving

1}

t

10000
nerean
(64.p

o

”:ﬁ

t
%
2

9 fion

s

Aing
r

n Hoviln
@f

ovol o

+
-

T |
;| Bedton Houdnp
: oot i

er
15

!

—

'
.
DI
: )
H

{
L

g
i fﬁ;éﬁ-' 3
Bl T

dged

vy

it

1041t

§14

K

Number
D

i
’

)
ﬁ}fﬁﬁa

ik

g
SRl ‘
CHL.
b

iy Bl

b Vet
bfvhl)ﬂ’?-ﬂﬁs~

1

Her

06,

ptir* fint

"I.Loi

T

!
i
|
|
i

ivanfea ! |

1 A

. Ziston hovling Dil

o
(RN}

i
!
Aipheaid. firon] 8.

Bl v
{Level bt

10

e




Lesson XVII1I
Page 1

The Straight Line Trend
When To Use One - How To Compute One
In Lesson III we touched upon the matter of secular (long term) trend.

I told you that for cycle analysis it is generally best to use a moving average
trend, with the moving average about as long as the cycle in which you are interested.
This is true. A moving average is generally the best tremd for cycle analysis., But
not alwayse, Sometimes a mathematical curve is better. There are several mathemati-
cal trends you can use. Of these, the straight line is simplest. In this lesson I
want to tell you (I) Vhen to use a straight line trend and (II) how to fit it.

I. When fo Upe a Straight Line Trend.

Use a stralght line trend only when your data, or the logs of your data, lie
pretty much along a straight line.

For example, the curve in Chart 15-2 on page 326 of your text is suitable for a
straight line trend. So are the logs of your stock market data (S. & P. C. A. 3).

The curve in Chart 15-7 on page 340 of your text is not suitable for a straight
line trend,

However, if your data lie along a straight line (or if their logs do), a
straight line trend of the data (or of their logs) is better for cycle analysis in
the following three instances:

A. If your series is short relative to the length of the cycles in which you
are interested. In this instance a straight line trend is better because deviations
from a straight line trend contains an additional wave.

For example, suppose you have a series of figures 20 years long. Suppose
further that you want to study the six year cycles as it may appear in these figures.
If you compute a six or seven year moving average your trend will be only 14 years
long. Deviations from trend will be only 14 years long. You have lost 6/20 or 30f
of your data. '

On the other hand a straight line trend will be 20 years long. Deviations from
1t will be 20 years long. This procedure enables you to use all your data.

Even in a series as long as your stock market averages (1854-1953), one lhundred
years, a 23 year moving averags will cost you the use of a quarter of your data
(eleven years at each end ~ 22 years). To study the 19-25 year cycle in these
figures a straight line trend is highly desirable. .

B. A second reason for using a straight line trend, if it is suitable (i.e.
if your figures lie along a straight line) arises when your moving average is too
irreguler. The irregularity of your moving average may come from excessive randoms
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or some other cycle, or cycles, or both. In a series vhich is long relative t6 the
cycle length in wvhich you are interested these irregularities will usually wash out.
Howvever, vhen you have only a few repetitions of the cycle they often cause trouble.

C. VYherever possible use a straight line trend of the data or the loge of the
data vhen making nresentations to laymen. Peovle who are uninformed often figure
that perhaps the use of a moving average trend greates the cycle.

II. EHow to Compute a Straight Line Irend.

Ag explained in your text (pages 322, ff.) there are three methods of com-
putinzg a straight line trend, (1) graphic method, (B) the method of semi averages,
and (C) the method of least squares.

A, Graphic method. Use a ruler apnlied to a chart of the data or a chart
of the logs of the data to fit a straight line by eye. Drav in the straight line
trend with a sharp vencil.

To =zet arithmetic values for your trend select places near the ends of your
line where your straight line cuts across a line of your grid: Count intervals
from one point to the other, both horizontally and vertically. Find the vertical
move per horizontal interval. Add or subtract this amount cumilatively to one of
your two points.

For examnle, sunpose your straight line trend cut 1903 at 17, cut 1952 at U8,
Your trend has risen 31 noints (48-17) in 49 years (1952-1903). It has therefore
rigen 3% points per year or +632 voints per year. This is your increment.

The value for 1904, one year after 1903, would be 17  .632 or this would
round to 17.6. The value for 1905, two years after 1903, would be 17 4 .632 ¢
.632." This would round to 18.3. Values of the straight line trend for other
yvears, forvard or back, vwould be computed similarly.

Alvays run the decimal of your increment out several places; othervise there
vill be a cuml~tive error.

Leave your increment in your machine. Round merely the sum which you record.
Do not add your increment to your rounded figure. .

See your text, pages 323 and 324, for supplemental information.

B, The method of aemi averaces. This method is a little more exact, when
you have a lonez series of fizurea. To use this method, you zet the mean of each
half of the series and proceed as above.

1 your series has an 0dd number of terms, omit the center term (or count 1t
twice.

If half of your series has an even number of terms your average value will lie
between intervals. You must therefore add half an increment to start with.
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For example, sunnose your data are annual and run from 1907 to 1954 inclusive.
This is 4B years of datn, 2 in each half.

Supnose the average of the first 24 comes to 36; the averase of the second 24
comes to 84. The rise is 48 (84-36) in 24 years (from the center of the first half,
half way between 1918 and 1919, to the center of the second half, halfuay between
1942 and 1943). A rise of 48 voints in 24 years is an increment of 2 points a year.
To met the value for 1919 you would add 1 point or 1/2 increment to your average of
36 to get 37. From here on all values to the right would go up by the full increment
of 2, The values to the left would go dowvn by 2. Thus the value for 1920 wvould be
39 (37 4 2). The value for 1918 would be 35 (37 - 2). And so on.

C. Iha method of least saquares.

This method gives the best fit and is the standard method used by statisticians.
It 48 fully descrided in your text. '

This method is really very easy, but somehow all the texts seem to make it sound
“hard. "It don't tell so good."

lHaybe if I put it in simple words you will see hov easy it really is.

There are seven easy steps required to get the values of a straight line trend
fitted dbv least squares.

1'11 shov you these steps by workines a simnle examnle. For our vroblem we will
take immorts of India rubber by years from 1913 through 1921.

1. List your data in a colurmn hoaded A (as in Table A below). Add them. In
the example the sum amounts to 244. Call this sum A,

2. In column B vrite dovm a consecutive series of Humbers, starting with
1. TYour last figure will zive vou the number of terms in your series. In the ex-
ample ziven it is 9. (Call this number N.) Add this column. In the examwle this
sum emounts to 5. Let us call this sum B,

3. Multivly each item of your data (Col. A) by the corresponding number in
Col. B. Post the nroducts in Col. C.

Add these products (the values in Col. C). In the example this sum comes to
155, Call this sum C.

"4, Average your data. That is divide the sum of your data, A (244) by the
number of terms in your series, N (9, the last entry in Col, B), The answer in the
problem given is 27.11. Call this averaze D. :

5, 'hyeraze your consecutive numbers. (Divide tre sum, B (45), by the number
of terms, N (9). The answver is 5. Call this averaze E,

6. Substitute the values obtained by the ahove processes in the following
formila: C - (A x 3)
S|
12
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In the example given this would work out:
1“55 = 12% _X_ﬂ =

P-9

12
1455 = 1220 = 235 = 3.9166
220 60

12

This figure, 3.9166, is the increment by which your straight line trend goes up
and down.

7. To get your trend, when you have an 0dd number of terms in your series, add
or subtract your increment cumulatively to the average of your data, D (in the ex-
ample given, 27.11) posted to the center term. As your seriea is 9 items long, from
1913 to 1921, the center point is located at the 5th year, or 1977.

Thus your trend is as follows:

{
1917 27.1 (27.11 rounded)

1918 31.0 (27.11 # 3.9165, the result rounded)

1919 34.9 (27.11 { 3.9165 £ 3.9165, the result rounded)

etc.
Or going down

1917 27.1
1916 23.2 (27.11 - 3.9165; the result rounded)
1915 19.3 (27.11 - 3.9165 - 3.9165, the result rounded)

Vhen you have an even number of terms the average of your data falls between
years. In thie case you must start out by adding half en increment to get the
value of the trend for the year following or subtracting half an increment to get the
value of the trend for the year before. Then proceed as above,

Note that if A x E is bigger than C your increment is negative. TYour treand
slopes down from left to right.

Note that D x B = A x 3. Therefore D x B may be used instead if you prefer.

Note that N> does not need to be computed. It can be looked up in a table of
cubes, if you have one. “3
' - X

Note that even the whole expression ;oes not have to be computed if the
number of terms in your series is less tham 100,. All you have to do is to read the
values from the table at the end of this,’lesson. Read 10's in the studb, units in the
column headings. Thus when N ¢ 9. K3 - N = 60. -
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Of course there are other vavs of fitting straight line trends, by least squares,

bu; the method given above is perhaps simplest. All methods come out the same in the
end.

TABLE A

Imports of India Rubber each year from 1913 to 1921.
The fisures are monthly avernges in millions of pounds,

A B c¢cC
Millions Number
Year of Ponnds of Years AxB
1913 10 1 10
1914 12 2 24
1915 18 3 54
1916 23 L 92
1917 34 5 170
1918 27 é 162
1919 ks 7 315
1920 L7 8 376
1921 28 9N 2582
Total 4 A 45 B 1455 C
Average 27.11 D 5E
 Assienment

Review: Spurr, Kellogg, and Smith, pares 322 - 325; 327 - 330.
Study: Spurr, Kellogg, and Smith, pages 325 - 327; 334 - 340 (up to Parabola).

The method given in S, K, & S is slightly different from the metrod I have
given you. You should know it too. It may be a little harder to follow than the
method I have given you, but on the other hand it may be a little easier to under-
stand and a little easier to figure vhen you have a good many terms. Understand
both methods. Use either metrod you prefer.

Values of B - N for a1l values of Il from 00 to 99 inclusive

12
0 1 2 3 L 5 6 7 8 9
- - .S 2 5 10 17.5 28 L2 60
82.5 110 - 143 182 227.5 280 340 Lo8 bgk.s 570
665 770 885.5 1012 1150 1300 1462.5 1638 1827 2030

2247.5 2480 2728 2992. 3272.5 3570 3885 4218 L569.5 Mo4O

5330 5740  6170.5 6622 7095 7590 8107.5 8648 9212 9800
10412.5 11050 11713 12402 13117.5 13860 14630 15428 16254.5 17110
17995 18910 19855.5 20832 21840 22880 23952.5 25058 26197 27370
28577.5 29820 31098 32812 33762.5 35150 36575 38038 39539.5 41080
42660 L4280 45940.5 Lo6k2 49385 51170 52997.55 S4B68 56782  SB7LO
607425 62790 64883 67022 69207.5 71440 73720 76048 78424.5 B0850

oY EFWN O
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Problem

Compute the straight line trend of the Standard and Poor's
Combined Anmial Index. Use the logs of the data.

Draw a chart of the logs of the data (as on Chart 3) and
show the straight-line trend on the same chart.
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LESSOIT XIX
TED PIRIODIC TABLE~-CONCLUDED
HOY TO US™ TFE PELRIODIC TABLE TO FIi'D FIDNEN CYCLES

HO' TO USE TH! PLRIODIC TABIM TC SEPARAT™ OI CYCTI FROIi AI'OTKRR

Hov to Use the Periodic Table to Find Lidden Cycles

You may remember that in Lesson VII, vhere we first discussed the periodic
table, I told you that it had four main uses. I listed these as follows:

1, If you know the length of the cycle, it will reveal to you the typical or
average shape, strength, and timing of the cycle, as nearly as the figures will per-
mrt,

2. It is one of the ways of revealing to you as exactly as possible the length
of any cycle that may be present in the series. That is, it will tell you the
length of the cycle in days, months, or years from crest to crest or trough to
trough.

3. It will often enable you to separate one cycle from another, when two or
more cycles are present concurrently in the same series of figures.

k. It will help you to find hidden and unsuspected cycles.

Previous lessons have discussed the first two uses completely. It remains to
discuss, in this lesson, use three. And to complete the discussion of use four.

Of course the fourth use, finding hidden cycles, has already been pretty well
covered. Vhen you made seven periodic tables of your stock market figures with
lengths that were at harmonic intervals from each other you were scanning your series
for hidden cycles. You vere doing it in a systematic comprehensive way. You scan~
ned for all possible lengths from the 7th to the 13th harmonics inclusive (more
accurately from the é%th harmonic to the lj%th harmonic, inclusive). Mo cycle with-
in this range could fail to be reflected in one or more of your tables for at least
one-half amplitude (assuming zigzag shape for the cycle).

For examvle, if you had a cycle with a length 1/73th of the length of your
geries (92 years & 75 or 12.26 years), the periodic table with a length 1/7th of
the length of your series (92 years & 7 = 13.14 years) would show it with one-half
amplitude; your periodic table with a length 1/8th of the length of your series
(92 years 28 = 11.50 years) would also show it with one~half amplitude.

One-half of the amplitude of the cycle is the least that would be revealed by
your periodic tablen because they are harmonic intervals apart, 1/7th, 1/8th, etc,
of the length of your series. If the hidden cycles vere 1/8th of the length of the
series it would be revealed fully by your 1/8th table. If the length of the cycle
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lay betveen 1/78th and 1/8th of the length of the series, your 1/8th (11.50-year)
table would show anywhere from one half of the cycle up to all of it, depending
upon the length of the cycle. Similarly, if the length of the cycle lay between
1/73th and 1/7th of the length of your series, your 1/7th (13.1ll-year) table
would show anywvhere from one half of the cycle to all of it. Thus, in making this
series of periodic tables equally spaced (barmonically), you were in effect scan~
ning the series for hidden cycles,

Vhen you carried your analysis a step further by dividing your tables into
halves and/or thirde to get a closer approximation of the length of the cycle you
vere using the periodic table even more effectively to reveal hidden cycles.

Finally, vhen (in Lesson XIV) you got to periodograms and (in Lesson XVI) you
got to multiple harmonic analysis, you were using periodic tables to the utmost to
help you discover bidden cycles. This is so because each bar or point on your
periodograms epitomizes a veriodic table of that exact length.

Uhat elee is there to say on the subject? In principle perhaps nothing. But
before concluding the subject of using periodic tables to find hidden cycles I
would like to give you one or two suggestions that I have found extremely valuable
in practice,

Suppose you wish to investigate cycles about 6 months long in stock market
figures 1871 to 1900 inclusive. Suppose scanning, thumbing, and time charts fail
to help. Suppose even moving percentages will not help you. You are stuck!

All right, come back to the good old periodic table, liake a six-month table,
This will give you six columns and sixty lines. iake it in color, but it will be
a hodge podge of red and black, I'm sure,

At this voint there are tvo wavs you can proceed,
This is one vay:

Divide the table into thirty sections of two lines each, average each section,
and post the results into a nev six-month Table, being sure to preserve color.

Scan the new table for evidence of pattern, Do the reds and blacks now fall
in bands running vertically, or diagonallyto the right or diagonally to the left?
Or is it still a complete hodge podge of reds and dlacks?

If its still a hodge podge, repeat the process, dividing the thirty line table
into fifteen sections of two lines each, average each section, and post the results
into a new six-month table of fifteen lines, preserving color. Each line nov re-
presents the average of four six-month cycles. Do the colors now fall into bands?

I1f so, of course you have a hint of a cycle. You can calculate its length in
the usual way. .

If not, you can repcat the process to get o new six-month table of seven lines,
each an averageing of eight six-month cycles, and so on. "Or, as fifteen-is not
exactly divisible by twvo, you could divide your fiftcon line table into five soc-- ..
tions of three liines each.s Therc is no magic in the number two.
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In practice you will find it easier merely to add the lines and (if you are
using logs) to record in the first instance in black all values 4,000 or more, in
red all values 3.999 or less. For your second table you would use 8.000 as your
dividing line. For your third table you would use 16.000 or 24.000 as the value
to separate reds from black, depending upon whether you used tuo or three lines.

If you are using percentages you could also add, using 200, 400, or 800 or
1200 as the value above which to use blacks, below which to use reds. Alvays do
things the easiest way!

The second way to proceed would be to run moving averages (or moving totals)
of various lengths doun each of the six columns of your six-month periodic table,
posting the moving average (or moving total) values into a new six-month periodic
table—and being sure to preserve color. Start with three-item moving averages.
If these shou nothing, try a five-item moving average, then a seven-item moving
average or a nine-item one. '

These moving averages may be plotted for better study.

You may ask, if you are eventually going to make nine-item moving averages,
vhy not start with them?

The answer is that a long moving average won't reveal cycles unless they are
very close to the length of your periodic table. In the first instances you want
your search to be as vide as possible. A five-item moving average might pick up
cycles from 5.5 to 6.5 months in length, whereas a 9-item moving average would
hardly pick up anything outside 5.7 to 6.3 months long.

In series where randoms are very bad you might wvant to use moving medians in-
stead of using moving means.

Vhen you finish the next lesson you will realize that, in making moving aver-
ages of the columns of a periodic table, what you have been doing is constructing
a weighted moving average of your series. % three-item moving average of a six-
month table will give you a weighted moving average of the series with the weights
1/3, 0, 0, 0, 0, 0, 1/3, 0, 0, O, O, O, 1/3, But let's not get into that now—
Just think of it as you go over the next lesson.

These two additional suggestions conclude all I can think of to tell you about
using periodic tables to get hints of cycles.

How to Use the Periodic Table to Seporate One Cycle from Another

Please go bacl: to page 2 of Lesson VIII and look at Tables 29 and 30. You will
be reminded that when you cast a cycle of some particular length into a periodic
table table that is longer or shorter than the length of the cycle, and average
the table, the amplitude of the cycle decreases as it appears in the average of the
table. In the examples given the true peak and trough values of 48 and O (24 above
and belov the mean of 2U) reduce to 39 and 9 (15 above and 15 below the nean value.)

Mhat I did not go on to point out in Lesson VIII is that the amount by which
the amplitude is reduced depends upon the number of lines of the periodic table.

For example, continue Table 29 so that it has a total of 16 lines, add, and
average, as belov, .
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TABLE 1
A 16-DAY CYCLE CAST II'TO A 15-DAY PZRIODIC TABLRE
FIFTER" 16-DAY CYCLRS; SIXTEZEl' 15-DAY CYCLES

Base ..Days after base
1 2 3 4 s 6 7 8 9 10 11 12 13 14 15
0 0 6 12 18 24 30 36 42 48 k2 36 30 24 18 12
15 6 0 6 12 18 24 30 36 42 48 42 36 30 24 18
30 12 6 0 6 12 18 24 30 36 42 4B 42 36 30 24
45 18 12 6 _0_ 6 12 18 24 30 36 42 48 42 36 30
60 24 18 12 6 _0 6 12 18 24 30 36 42 48 42 36
75 30 24 18 12 6 _0 6 12 18 24 30 36 L2 _48 42
90 36 30 24 18 12 6 _0 6 12 18 24 30 36 42 48
105 L2 36 30 24 18 12 6 _O0 6 12 18 24 30 36 42
120 L 42 36 30 24 18 12 6 _0 6 12 18 24 30 36
135 b2 48 42 36 30 24 18 12 6 _O0 6 12 18 24 30
150 36 42 LB 42 36 30 24 18 12 6 _O0 6 12 18 24
165 30 36 L2 48 42 36 30 24 18 12 6 _0 6 12 18
180 2h 30 36 L2 LB 42 36 30 24 18 12 6 _0 6 12
195 18 24 30 36 b2 48 42 36 30 24 18 12 6 0 6
210 12 18 24 30 36 42 48 42 36 30 24 18 12 6 _O_
225 6 12 18 24 30 36 42 4B 42 36 39 24 18 12 6
( Sum) 384 384 384 384 384 384 384 384 384 384 384 384 384 384 384

Average

2 24 24 24 24 2h 24 24 2u 24 24 24 24 24 24
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TABLE 2
A 16~DAY CYCL® CAST I: TO A 17-DAY ™ RIODIC TABLE

SIXTEW 17-DAY CYCL.S; STVI'T'T¥ 16-DAY CYCL''S

Base . Days after bdase

1 2 3 & s 6 7 8 9 10 11 12 13 MW 15 16 17

0 _0 6 12 18 24 30 36 42 48 42 36 30 24 18 12 6 _O_
17 6 12 18 24 130 36 L2 48 L2 36 30 24 18 12 6 _O 6
3+ 12 18 24 30 36 L2 48 L2 36 30 24 18 12 6 0 6 12
51 18 24 30 36 42 48 42 36 30 24 18 12 6 0 6 12 18
68 24 30 36 L2 48 42 36 30 24 18 12 6 _0 6 12 18 24
85 30 36 42 48 42 36 30 24 18 12 6 0 6 12 18 24 30
102 36 42 48 42 36 30 24 18 12 6 _0 6 12 18 24 30 36
119 42 48 42 36 30 24 18 12 6 _0_ 6 12 18 24 30 36 42
136 _48 42 36 30 24 18 12 6 _0 6 12 18 24 30 36 42 _A48
153 42 36 30 2 18 12 6 _O_ 6 12 18 24 30 36 L2 _48 42
170 36 30 24 18 12 6 _0 6 12 18 24 30 36 42 48 42 36
187 30 24 18 12 6 _0 6 12 18 24+ 30 36 42 48 L2 36 30
206 24 18 12 6 _O0 6 12 18 24 30 36 42 48 42 36 30 24
221 18 12 6 _0_ 6 12 18 24 30 36 L2 48 42 36 30 24 18
238 12 6 _0_ 6 12 18 24 30 36 L2 48 k2 36 30 24 18 1
255 6 0 6 12 18 24 30 36 L2 _48 42 36 30 24 18 12 6

(Sum) 384 384 384 384 384 384 384 384 384 384 384 384 384 384 384 384 384
Av, 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24

As you can see, in both instances the 16~day cycle vanishes. This is so
because each column has an equal number of high and lov values,

If you were to go on and add more lines to either table, the 16~day cycle
would reeppear (of course as a 15-day or 17-day cycle depending upon which table
it was cast in). It vould increase in amplitude for 8 more cycles so that in
tables of 24 lines it vould have 1/6th of the original amplitude in the average
of the entire table (See Table 3 below).

The table shows 1/6th amplitude because it has 1/2 amplitude in one third
of the table and no amplitude in the other two thirds. One third times one
half is one sixth. .
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TABLE 3
A 16-DAY CYCLE CAST IFTO A 15-DAY PTRIODIC TABLE

TVENTY-TVO A'D OFT HALF 16-DAY CYCLES; TVII'TY-FOUR15-DAY CYCLES

Base Days after base
1 2 3 4 5 6 7 8 9 10 11 12 13 1 15
0 0 6 12 18 24 30 36 42 _48 42 36 30 24 18 12
15 6 0 6 12 18 24 30 36 42 4B 42 36 30 24 18
30 12 6 0 6 12 18 24 30 36 42 _4B L2 36 20 24
45 18 12 6 0 6 12 18 24 30 36 L2 48 L2 36 30
60 2+ 18 12 6 _0 6 12 18 2+ 30 36 42 _48 42 36
75 30 24 18 12 6 0 6 12 18 24 30 36 L2 4B 42
90 36 30 24 18 12 6 0 6 12 "18 24 30 36 42 _48
105 42 36 30 24 18 12 6 0 6 12 18 24 30 36 L2
120 48 42 36 30 24 18 12 6 0 6 12 18 24 30 36
135 42 48 42 36 30 24 18 12 6 _0 6 12 18 24 30
150 36 42 48 42 36 30 24 18 12 6 0 6 12 18 24

165 30 36 42 48 42 36 30 24 18 12 6 0 6 12 18
180 24 30 36 42 _48 42 36 30 24 18 12 6 _0 6 12
195 18 24 30 36 42 48 42 36 30 24 18 12 6 0o 6
210 12 18 24 30 36 L2 _48 42 36 30 24 18 12 6 O
225 6 12 18 24 30 36 42 _48 k2 36 30 24 18 12 6
200 0 6 12 18 24 30 36 42 48 42 36 30 24 18 12
255 6 0 6 12 18 24 30 36 42 48 42 36 30 24 18
270 12 6 0O 6 12 18 24 30 36 L2 _48 42 36 30 24
285 18 12 6 _O 6 12 18 24 30 36 42 _4B 42 36 30
300 2 18 12 6 0 6 12 18 24 30 36 L2 _48 L2 36
315 30 24 18 12 6 0 6 12 18 24 30 36 42 48 42
330 36 30 24 18 12 6 _0 6 12 18 24 30 36 L2 _A48
W5 42 36 30 24 18 12 6 0 6 12 18 24 30 36 42

(Sum) 552 516 U492 4BO 480 492 516 552 600 636 600 672 672 660 636

Av, 23.0 21,5 20.5 20.0 20,0 20.5 21.5 23.0 25.0 26,5 27.5 28.0 28.0 27.5 26.5

If you should add more lines, the amplitude of the cycle would decrease until
your periodic table had 32 lines; at this point the amplitude of the original
cycle would be comnletely washed out for a secord time. And so on indefinitely
(at 40 lines it would have 1/10th of the original amplitude, etc).

This fact nceds to be taken into account in connection with multiple harmonic
analysis. For example, suppose you made a complete multiple harmonic analysis of
controlled data cortaining but a single cycle--say 16 days long. I have told you
that by the time the curve of the periodogram had reached a harmonic interval avay
your cycle would vanish. *his is true. But I 3id not complicate things for you
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at the time b7 telling you that the curve of your periodogram would rise again and
vould shov a pea: one and a half (and two and a half, three and a half, etc)
harmonic intervals away. Of course each of these "shadows," as they are sometimes
called, has less and less amplitude.

I waited to mention this matter until we got further into the matter of
periodic tables so that you see how and why this is so.

As I mentioned earlier in this lesson, the periodogram of a multiple harmonic
analysis is merely a profile to show the amplitude of a great number of periodic
tables of closely related wave length. If you understand how and why cycles wash
out of periodic tables when the periodic tables have lengths longer and shorter
than the lengths of the cycle—-and why they reappear at 1/6th strength, 1/10th
strength, 1/14th strength etc——you will understand multiple harmonic analysis
better.

Getting back to the matter of using the periodic table to separate one cycle
from another, you see from Table 1 that a 16-day cycle can be eliminated from
tables of other than 16-days by dividing the tables into sections of appropriate
length. On the other hand--taking Table 1 as an example—1if we had had a 15-day
cycle, it would have been present in the average of the 15-day table in full force
and effect. Therefore, it follows, if vou had had a series of figures in which
you had both a 15-day and a 16-day cycle, and if you put this series of figures
into a 15-day table and added this table by sections 16 lines long, the average of
the table would have the 15-day cycle present with full force and effect and the
16-day cycle completely eliminated.

Conversely, if you had put the same figures in a 16-day table 15 cycles long,
the 15-day cycle wvould have been completely eliminated and the 16-day cycle would
have been present in full force and effect.

This fact has an important hearing on the way you add your periodic tables.
For example if you have a series of figures a year long (360 days ~ twenty-four
15-day cycles) which contains both 15- and 16-day cycles, and you wish to isolate
the 15-day cycle, you must average your 15-day table by overlapping two thirds of
16 cycles each in order to eliminate the distorting effect of the 16-day cycle.
If you don't do this~-if, for example, you divide your periodic table into halves——
you will have a certain residual of your 16-day cycle mixed in with your 1l5-day
cycle with the result that ynur 15-day cycle will be made to look longer than it
really is, and bigger,

It follows from this that you need to kmow about your 16-day cycle before
you try to make firnal isolation of your 15-day cycle.

It follows that you need to know all your cycles before you start to isolate
any of them!

It follows that you need to finish your cycle analysis before you are in
shape to start it! This isn't as much of an Irish bull as it gounds. In fact its
so darn true it isn't funny!

Cycles do not always wash out completely

In certain instances, due to the interrelationships of the wave lengths in-
volved, the cycles do not wash out completely.
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Suppose we combine a 6-month and an 8-month cycle, as follows:

6~lionth Cycle

repeat

8-lionth Cycle

1 §
NON}-‘NONP

NO({:}:!‘\)ON#

R

repeat

How put these values into a 6-month table of 4 lines:

Synthesis
(by addition)

7
3
31
-5
-5
-1
3
3
3
-1
-1
-1
~1
-1
-1
-1
3
3
3
-1
-5
-5
-1
3
&

repeat

Base lionths after base

1 2 3 b 5 6

0 7 3 -1 -5 -5 -1

6 3 3 T !
12 -1 -1 -1 -1 3 3
18 3 ~1 =5 =5 =1 3
(Sum) 12 b & -12 L L
Average 3 1 -1 -3 -1 1l

As you can see, the 8-month cycle vanishes and the 6~month cycle remains.

¥ow put these same values into an 8-month table.
cycle vanishes, and the 8-month cycle remains, but distorted by errors of plus

and minus 1/3.

As you can see the 6~month



Lesson XIX

Page 9
Base lionths after base
1 2 3 4 5 6 7 8
Y 4 3 ~1 -5 -5 -1 3 3
8 3 -1 ~1 -1 -1 -1 -1 -1
16 - 3. 3. =1 =3 =3 =1 -
(Sum) 13 5 1 -7 ~11 -7 1 5
Average 4 1/3 1 2/3 1/3 =21/3 =-32/3 -21/3 1/3  12/3
Error 13 - 1/3 1/3 - 1/3 13 - 1/3 13 - 13

This error of 1/3 is an artifact--a two month cycle introduced by the fact
that a 6-year cycle doesn't wipe out smoothly when the values are thrown into a
elght month tadle.

You can see this by putting the values of the 6-month cycle by themselves into
an Bemonth table, as follows:

Base lionths after base

1 2 3 4 5 6 7 8
0 3 1 -1 <3 -1 1 3 1
8 -1 -3 -1 1 3 1 -1 -3
16 =1_ 1 3. i =1 =3 ~1 L
(sum) 1 -1 1 ~1 1 -1 1 -1
Average  1/3 - 13 1/3 - 1/3 /3 - 1/3 /3 - 13

There are tvo or three other facts about periodic tadles to which I should
call your attention.

A periodic table just half the length of a symmetrical zigzag cycle will
eliminate the cycle, vhen averaged in sections that are multiples of 2. For ex-
ample, suppose you have an B-year cycle and throw these values into a 4~year
periodic table. The average of any two lines of this table, or any other number
of lires that is a multiple of two, will eliminate the 8-year cycle. Theoretically
the elimination is complete, but just as we ran into vith moving averages, and
with periodic tables, too, there may sometimes be minior differences in actual
practice,

If your periodic table is one fourth the length of the cycle, the cycle will
be eliminated provided the sections of your periodic tadle are four lines long,
or some multiple of four. Thus a two year periodic table of a series containing
a eymmetrical zigzag eight-year cycle will wash out the eight-year cycle if averag-
ed in groups of four lines or any multiple of four lines.

And so on.
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You can generalize by saying that a periodic ftable will eliminate all sym-
metrical zigzag cycles that are even multiples of its length, provided the table

is averaged in groups that have as.many lines as the cycle length is times the
periodic table length.

Thus a l4-year periodic table will wash out symmetrical 8-year and 16-
year and 24-year cycles, if the tadble is 12 lines long. It will almost wash
out all these cycles if 1t is almost 12 lines long.

The situation is quite the opposite with symmetrical zigzag cycles that are
an odd multiple of the length of the periodic table.

Suppose your periodic table is 3 years long and your series has a symmetri-
cel zigzag cycle 9 years long. Three lines of such a table (or any multiple of .
three lines) will, when averaged, retain 1/9 (1/3 of 1/3) of the 9-year cycle.
Suppose your cycle is 5 times as long as the table, or 15 years. An average of
five lines of your table will retain 1/25 (1/5 x 1/5) of the 15-year cycle.

It is easy to see why these things are so if you make some little diagrams.
For example here is a cycle cut into segments balf the length of the cycle, and

lettered:
| !

) a ! b c a
i
! | N f
! \ / i
' }
! i

1 P

1
Here are these segments put, graphically, into a periodic table:

Ve
e
v
]
t
AN
o b
AN
N
-'.1‘.
Sum i ———— s A—— -
Average T r S m———

When added, averaged, a offsets b. The two slopes wipe each other out.

Thie is true no matter how many pairs of segments you averags.
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Now cut your cycle into four segments.

8 ¢

»‘,
2 b <

7

. c

N,
~. a-.
Sum I
Average -

Vhen added and averaged, & offsets C, b offsets 4, and so on for each group
of four.

Here is a cycle cut into segments 1/3 of its length.
b

e
: | ' PN
\ ‘ ’ \
I 8 T\\\\F , da 1 N S
| . \\ i y A \\"
v

i’ i
Fere are these segments put, graphically, imto a periodic table.

RN N By o

8 -

ez
N

c

AN
AN

s N

Average -
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Segment a8 offsets segment ¢ and cancels it out, but segment b remains., Seg-
ment h has 1/3 of the amplitude of the original cycle. The sum of the three
segments therefore has 1/3 of the amplitude of the original cycle. The average
of the three segments has 1/3 of this third, or one ninth of the original amplitude.

And so on.

Vhat do you do if you have two cycles in the same series where one has a
length that is an exact or an almost exact multiple of the other?

Well, in pinning down the longer cycle, you can get rid of the shorter omne
(a) by smoothing it out by a moving average, or (b) by isolating it and adjusting
for it, or (c) removing it b~ a moving percentage, or (&) removing it by a weight—
ed moving average.

In pinning down the shorter cycle you can't use a moving percentage or a mov—
ing average to eliminate the longer one, as it will take out the shorter one also,
but you can--and usually should--express the values as a percentage of a short
moving ave:age. This will remove the major part of the longer cycle. 3But you will
still have a vestige of the longer cycle left.

If the longer cycle has a length that is an even multiple of the length of
the shorter cycle, your periodic table of the shorter cycle will wash it out,

However, suppose the length of the longer cycle is an odd multiple of the
length of the shorter cycle? Specifically, suppose you have three-month and
nine-month cygles present concurrently in the same series.

VVell, deviations from a three-month noving average will get rid of 2/3 of
your 9-month cycle, but 1/3 will still be left. Your 3-month periodic table will
get rid of 8/9 of this third, but 1/9 of the 1/3 or 1/27 of your original 9-month
cycle will still be left. If your 9-month is strong and your 3-~month is weak
this may still be encugh to be troublesoms.

In such a case you can make a 9-month periodic table of your deviations
from the three-month moving average. Such a periodic table, when averaged, will
show you three three-month cycles, one after the other; only, due to the nine
month influence, one will be stronger and one weaker than the other, especlally
if times of pealr coincide, thus:

SN\ /

\—/,f \\ ,/ " - //I \\ .// M .Li \\\/./
\/

By this expedient it is often easy to pick on the one cycle from the other. In
the example given, assuming that the variations are due to a nine month cycle

and not to randoms, the overall amplitude of the three-month cycle is the distance
betwveen the two horizontal lines.

(Lesson XIX has no problems)
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LESSON XX
VEIGBTED MOVING AVERAGES

It will help you to understand weighted moving averages if you realize that the
ordinary moving averages you have been dealing with are also weighted moving aver-
ages--only the weights are all 1.

To illustrate this fact consider the following:

Suppose you have a series, the terms of which are represented by letters, a, b,
c, 2, etc. The first term of a 3 item moving average would be 8 £ % £ ¢ 7he gecond
term would be E_f_g_f_ﬁ And 80 on.

If you stop a moment to think you will realize that the first term is really
la £ 1b £ lc,  hat is, to a taken once you add b taken once and ¢ taken once. The
numbeg of times you take each term is once. That is, all the "weights" are 1.

However the weights might dbe 1, 2, and 1. If so, the first term of the moving
average with these weights would be la £ 2b £ lc,
M
Note that in this instance the denominator is h because there are really &
items in the numerator, viz: a, b, b, and c.

Note that a moving average of a moving average is a weighted moving average
and can be computed directly. For example,

Col. A Col. B Col. C
Series J~item J-iten
M, A. of Col., A . A, of Col. B
a
b &_:‘_;J_c or 1/3a 4§ 1/3b 4 1/3c
¢ bfecfdor1fsdbf1/3c 1/3d 1/3a £ -2/3b 4 3{3¢ £ 2/3d {1/3c
3 3
d cfdfeorificf1/3af1f3e
3 etc.
e ete.
f

1/3a 4 2/% § 3%30 £2/3d £1/3¢ ig the same as
1/9a £ 2/9v { 3/9¢ £ 2/94  1/9c

You note that the fractional weights of the terms add to unity.



Lesson XX
Page 2

Negative Veights and Zero Weights

There is no reason why some of the terms of a weighted moving average cannot
be nerative or zero.

The Use of VWeighted Moving Averages

The traditional use of weighted moving averages is in connection with gmooth-
ing series of figures. The standard book on this subject is by Frederick R. lacau-
lgy. It is called The Smoothing of Time Series. It was published in 1931 by the
National Bureau of Economic Research. It is now out of print, but it may be con-
sulted at any large library. Sometimes you can find a copy at a second hand book
store. This book is quite simple and easy to read.

The cycle analyst can usually get along wvith a simple moving average, or at
most with a moving average of a moving average. I, therefore, see no need to
get into the subject of smoothing at this point.

The other use of the weighted moving averaze is to help you to separate one
cycle from another, a.nd/or from randoms a.nd/or from trend. This will be the sub-
Ject matter of the rest of this lesson.

The Use of Veighted lioving Averages in Cycle Analysis
Let us start our investigation of the effect of weighted moving averages by

considering some controlled data. FHere for example is our old friend the Tegular
8-month cycle: with velues 8, 4, 0, -4, -8, -4, 0, & and repeat.

Let us compute various weighted moving averages of this cycle.

Let us start by computing a nine-term moving average with the following
veights: 1/4, 0, 0, 0, 1/2, 0, 0, O, 1/4. The first term of the weighted moving
average would be:

(1/t x8) 4 (0x4) (0 x0)
$ (0x0) £ (0x (f4))f 1/

This would become
24040404 (-4) 40404042
or 2.4 L %

7 (0 x (4)Yf (1/2 x (-8))4 (0 x (-4))
x 8

or 0

All the rest of the terms would become O too. The cycle would vanish,

Suppose you nov use the veights -1/4, 0, 0, 0, 1/2, 0, 0, 0, -1/4. You would
get

‘*-1/4; x8) £040404€1/2)(-8) 04040 F4(-1/8) x 8) = (-2) 4 (&)
(-2
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The next term would be -4, the next 0 the next b etc. ?ho original cycle
vould reappear uithout distortion. ’

llow try the weighta -1/2, 0, 0, 0, 1, 0, 0, 0, -1/2. You would get ((-1/2) x 8)
/0{0{0{(1:(—8)){0/07‘ 4 1/2)x8)-(-a)#(-8)¢(4)=-16

_423' If you proceed you would get -8 for the next term, then 0, then 4 8, then

f 16. ln other words you vould get your 8 month cycle back with doutln amplitude.
S Rere then is a eechnique whtch will ena®le you (a) to eliminate a cycle, (b)
, to reproduce it, (c) to magnify it,at will.

What effect wvill these techniquee have upon randoms, upon trend, and upon
" other cycles? Let us see. Bffect upon Irend

E consider a trend increasing cmoothly'as follows: 1, 2, 3. 4, 5, 6, 7, 8, 9,.
.10, etc. Apply the first formula (1/4, 0, 0, 0, 1/2, 0, 0, O, 1/&)

) (1/4 x1) fofofof(/zxs)fdofofoiqa/e x9)= % f l% f2=2025
, 4

 Applied to the next term we would get.
2/4 £ 12f8 {10/ = 24/4 =

Similarly we would get 7, 8, 9, 10, etc. Thus, as you can see there would

‘be no effect whatever on trend. If cycle and trend were combined and the formula
: tpplled cycle would vanish, trend would remain.

YN

:g." Nov Let's try the second formula:

L

-1/!» 0, 0, 0, 1/2, 0, 0, 0, -1/4) on the same trend:

((-1;:): é) fofotofQjzxs)fofoifo {((-1/4) x %) = -1/4 4 10/
_-9 =

(The cycle would

* Bach of the other terms would be zero. Trend would vanish.
r,-ain.) ' .

: IIov let's try the third formula (-1/2 0, 0, 0, 1, o o, o -1/2) on the
) ‘ane trend. .

..‘ ((';/g)xl)7‘07‘0-/0«/(1;5)}0}0,(0’1,_llax9) /2 4 10/2
o Each of the other terms would also be zero.

‘though the cycle doubled. Lffect unon Random
' Hou about the effect on randems?

Again trend would vanish, even

Let us use a few of the actual random numbere used in Lesson V Table 1.

"‘These ate shown in Col. A of the table below. The results of applying the three
cweighted moving ~vernizes are shoun in Col. B, C, and D,
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Teble 1
- 2ffect of veizhted moving averazes upon Randoms
Col. A Col. B. Col. C. Col. D.
t. m.a. of ¢, m.a. of i't. m.e. of
Col. A. Col. A. Col. A
wte. ., 0,0,0, wts.-,0,0,0, wt#.-%.0,0.0
Bopition Random %,0,0,0,” $.0,0,0,=  _1,000,-}

? b

2 9

3 15

L -18

5 -20 =9 1f4 -10 3/t ~21 1/2
6 8 Lo1/h 3 3/b 7 1/2
7 -2k T2 3 -1 1/4 ~2 1/2
8 -3 1/ -3 1/4 -6 1/2
9 2 12 1/2 -10 1/2 -21
10 -8 0 -8 ~16

11 =58 -39 /4 18 3L -37 1/2
12 25 13 1/% 11 3/4 23 1/2
B 66 37 3/ 28 1[4 56 1/2
W 8 -2 3t 10 3[4 21 1/2
15 =17

16 é

17 17
18 -19

. As you can see, thn firast tvo ueizhted movine averages reduce the randoms
importantly. Yor erample the sum of the actual randoms from the Sth to the 14th
inclusive, regardlens of sirFpn, i8 222. The firet moving averase reduced this
total to 142; the second one redveen it te 107. The values of the third moving
average are seen to be just tivrice the values of the second moeving average., It is
thus seen that  Celurn D. . offers no advantase as for as randoms are concerned,
It doubles the amplitude of the cycle but it doutles the randome as well, so it

offers no relntive advantage.

Other Forrula

The number of different veighted movins average formuli® is literally limitless.
Let us discuss n fou more.

Refer to Fis. 1 uvhich dingrans eryaral repetitions of an 8 item cycle. The
various turninz pointas are lettered.

ite. 1
A R o ooy ) i H 1 J
\ A} \
T\ ‘ v
v ‘\!'
nooh 2 fud ¢ £ € h i J
Sumioge o T eabrane our formulee for avers;es centering on E.

In v “orvoses of cyele analvers, ve uce formulae vith weights
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for the turnin.: points in wvhich we are interestnd end zeros for the intervening
points. As a short cut thercfore ve can refer merely to the turning points., For
examnle veights of 1 /&, 0, 0, 0, 1/2, 0, 0, O, 1/4 for the section of the curve
centering on I might be described in shorthand es 1/ d 4 1/2 E § 1 /4 c.

rerhaps tle diagram will heln ycu to see wvhy this formula wipes out the
cycle. Both d and e are negative values as far belov thc axis as E is above it.
The value of 1/2 ii 1s the samec as ?/4 L. That is, you have tuo quarter values
on the nlus side offsetling tvo quarter values on the minus side, and so of
course they c-ncel out.

Yith the -1/4, 0, 0, 0, 1/2, 0, 0, 0, -1/4 formula (-1/4d, { 1/2E - 1/h4c),
your values of d and e vlich are nerative to start vith are taken negatively
which makes them positive. The result is four quarter values piled together at
E to make an anmount equal to the E you started with.

Here are some other formulae vhich vill eliminate the cycle:

df2F fe
d -e
1/24 - 1/2e
1/10d4 - 1/10e
1004 - 100e
bfdecfd-e-f -
c - f

-c f f
L/hA £ 1/00 f1fg f1/0 1

and Bo on to your hearts content. All lower case letters are negative ani

have the same value. All uprer case letters are pocitive and have the same value.
Any upper case letter vill offcet any lower case letter, any urper case letter
taken negatively vill offset any other upper case letter taken positively. Any
lover case letter taken neagatively will offset any other lover case letter taxen
positively. All letters may be multinlied by the same constant.

Let us nov construct a feu formula thet can be anplied so as tc leave the
cycle unaffected.

/b da £1/2 0 - 1fb e
-1/8c -1/8d f1/27-1/8e-1/8¢
-1;4 aflfz ; 1/t n
<L afifnc fr/hr 1/u
116 (AWdninfnfvfafrfi)-1/i(advdctatettfegin)
ot ot
I might resart ot tbes pein o8 4 <O0thongh Fig. 1 was set up.to diagram an
8 1tem cvele it re Q1 Ais r . ot s uele vith an even nrumber of terms. (Later
we will conziicr < ordes cilv o o 3o of tarms.)

Lot e e thaore thie leadg oo
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You now know hou to devisc treighted moving avernze formulae to leave in a
cycle or remove it at uill., It sheuald not be hard to devise a formula that
will leave in one cycle and remove another, Vith this in mind, consider Fig. 2
in which 6 and 8 year cycles ares diagrammed,
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Fig. 2 Upper curve a b-year cvcle. louver curve an 8-yovar cyvele,

Suppase you have a serice r firures in vhich btoth these cycles have been
combined. You wish to devise a fermula that will preserve the E-year cycle,
eliminate the 6-year cycle. Zasy. Find some peivts viere the 6-yenr cycle iz doun
where the 8-year iyc]o ig vp, or vice verza, You hiwre such points at ¢ and f of the
8 year cycle or C" and 67 af the feycnr eycle. ¢ and €L are heth 12 years before
E; £ and G- are hoth 12 years =54, (. Your formmis vould thercforas be

-.1/1’;(‘. .Il 1/;', .. l‘f',"

using the desinbing »f the ¢ wenr o ol or =180 4 1/2 B < 14 61 using the
designation of the 6 vony ecvoto. Tn o iivor event the formila would expand to:

-1/4, 0,0,0,0,0,0,0,0,0.,0,1/2.0.7,0,0,0,0,0,9,0,0,0,0,~1/4
For the 8 year cycl» the o.d v -viiv. ¢ luer vould be made positive and weuld

add to the center vosttive vain 2, #or the G-yerr cycle the end positive values
"would be made negative ~ul vauli b refere offset the center positive value.
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To reverse the process and eliminate the 8 and keep the 6 you would merely
reverse the besginning and ending sisn, thus:

"1/4,0,0,0,0,0,0,0,0,0,0,0, 1/2, 0,0,0,0,0,0,0,0,0,0,0, 1/4

Novw that you bave the iden, you should be able to go on by yoursell, but
a fev more minor points are vorth nentioninz.

Yirst, the mnre significant terms to youvr noving average the nore you reduce
your randoms. That is, a five term formula of the ¢,4, o, f type or the ¢,D, &, 1,
e, P, f type gets rid of random: better than n three term formuvla of the 4,.l,e, or
¢, B, f type. (But 1t my not do as good a job ¢! getling rid of some cther
particular cycle.

Second, In the illustratione given the formulae have been set up so that all
values except cycle turning points are zere. It is net essentil that you do
this. Intermediate volues can be given suitatle weights too.

Third. In the 1llustrations given the fornulae have been reolated te a single
crest, E. For example 1/2 of = plus one quarter of 4 nlus 1/4 of e all piled
up at E vill equal 3. It perhaps needs to be pointed cut ngeir that the formula
vorks equally vcll for cvery cther voirt on the curve,

For example, take the formla expresscé as -1/43, 1/23 - 1/tc vhich builds
up to full positive amplitude value for the cvele at point 3. VWlen these weights,

-1/4, 0,0,0, 1/2, 0,0,0, - 1/ are aprlied to center at point e ue get - 1/4= 4
1/2e - 1f4F.

E and F. sre both positive to start vith but after you anoly the formula tley
become negativa. e, negative to mtert vith, stays ne;smtive. Therefore you build up
at point e a full negative amrlitudne for the cycle.

Fourth, uith cycles of odd length, eithor crest or treush vill fall betiwreen

positiona. For example considoer the 3-year crcle disgramnnd in Fig. 3. The lows
at d and e fall betveen years.

‘' I
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Fig. 3. A 3-year cycle crosting at BE. note that troughs d and e fall betveen years.

O -
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You could devise a formula uhich woul: give the lLest results for the v alue
centered at E, but it would not work for the points vefore and after( e, etc.).
Under the circumstances you might use a formula that would average the values before
and after & and e thus; - 1/8, - 1/8, 0, 0, 1/2, 0,0, - 1/8, - 1/8

Fifth, what 1 have Jjust said in regard to cycles of odd length applies to
cycles of fractional length.

You may not he able to devise a formula that uill comnletely retain one
eycle and completely remove another. You will often have to be content with

pubstantial retention and substantial removal.
Sixth, Remember that a formila designed to revenl cycles of a particular

length will also reveal cycles of neardby lengtl.

For example, take this formula designed to ltring out an eight year cycle:
-1/4, 0,0,0, 1/2, 0,0,0, =1/h

Apply it to a 7 year cycle »f value 7,3,-1, =5, -5, -1, . =" *~meal. The
results are chown in the follouing table. .. AU .

Table 2

Veighted liovirg Averoge
of Formula -1/4, 0, 0, 0, 1/2, 0, 0. 0, -1/u
(suitable for leaving an B-year cycle .nchanged)
appliel to a 7-ycar cycle

. Computation of Hoving
FPosition Data lloring Average Average
1 vi - -
2 2 - -
3 -1 - -
4 -5 - -
5 =5 (=1 ftx7)4(1]20-5)4 (-1 /8 x 3) = -5
6 -1 (-1/ux3){(1/?x-1;;(-1/ux-1) = -1
7 3 («lftx=1)4(1/2x271 (-1/4x-5) = 3
8 7 (-1fx-5)4(1/2x7) ${1[4x-5) b 6
9 1 (=1f8x-5)¢ (1/2x3)f (-1ftz-1) = 3
10 -1 (=} fx-1)f (1)2x-1)4 (—1/&13; = -1
11 -5 (=1/ux3)4 (1/2x-5) 4 (<1/bx7 = -5
12 -5 (<1/ux7)4 (1/2x-5) 4 (-1/bx3) = -5
13 -1 (~1/hv3) $0 el L (<1/bx-1) = -1
a1 3 ~ -
15 ? . -
16 3 - -
17 -1 - : -
etc.

You will notlce that the veighted movirgs nverage does not change the length
or the timing of the 7 year cycle but that it does change its shape and amplitude
slightly.

Seventh, Vhile we are on the subject of computation it may be as well to
mention that the method shoun ir ‘he above table is uniuly laborious. I
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deliberately did it the long way to spell it out for you. In actual practice
you would short cut.

Several sorts of short cut are possible. For example instead of using a
formula like -1/4, 0,0,0, 1/?, 0,0,0, -1/4% you could use a formula like
-1,0,0,0;*2,0,0,0,—1= That is, take the lst value negatively, t ake the fifth

value twice, take the 9th value ncgatively, and divide the sum of the three products
by four. Actua'ly you would not even need to divide by four. You could chart the
sun of the three values and chanze the scale on the chart after you got through
charting, substitutirg a1l for a &, o 2 for an 8, etc.

In instances vhers you had peculiar uveishts you could compute each of these
veights all at once, record them in separate columng, and assemble as needed,
This method makes it practical to divide by use of recivrocals--a great time saver
as I have alrealy pointed out .

Eighth, Don't fail to note that weighted moving overages tend to create
pseudo cycles out of randoms,

Consider a series all 2ero exc:pt for one random. Subject this series to
veighted moving averages cf various sorts. Notlce houv nscudo cycles appears
For some examples tee Table 3 end Fig. ',

Another random a2 little later in the series wil) create enother poeudo
cycle, dbut this pseudo cycle will not be in phase vith the first one, except
by accident. However, if it in nearly in phase it vill create the illusion of
a cycle a little longer or a little shorter than the pseudo cycle.

Table 3

Showing psendo cycle introduced by apnlication of a moving average
formula to a single random mmmber.

Waighted Weighted
Moving Moving
Average Average
Bupber Data -, 0,0 30,0, 4 0 0
1 0
2 0
0
A 0 0 0
S 0 0 0
6 0 -0 0
4 0 ~15 15
8 0 0 0.
9 0 0 0
10 60 30 30
11 0 0 0
12 0 0 0
13 0 -15 15
14 0 0 0
15 0 0 0
16 0 0 0
17 0 0 0
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Figure 4
Amplitude Tables and Amplitude Charts

Bvery time you subject a series of figures to a weighted moving average of any
. particular gort you effect gvery cycle tnet is present in the figures. As in the
example /iven above, a particular veighted moving average may eliminate a 6~year
cycle and leave an B-year cycle unchangrd, The same wveighted moving average will
also have an effect on a 7-year cycle, a 5-year cycle, a G-year cycle and so on.

Every time you vse a weirshted moving everage you should find out the percentage
of amplitude of cycles of various length which remain after the application of the
moving average to the series. You have to de this for each cycle length separately.
Yhen you have made these commitations they can be recorded in what is called an
amplitude table and charted in vhat is called an amplitude chart,

There is no rule I can give you for working these computetions. It will depend
upon the shape of the cycle, the lenght of the cycle, and tha welght of the weighted
moving average you are using. ZTach case has to be computed individually by applying
the wveighted moving average formula to ideal cycles of the given shape and of the
various lenght which interecsts you.

The Work of WUr. W..C. Yeatman

Nr. V. C. Yeatman of Los Angelcs has written a paper about vweighted moving
averages. This paper is being published in the Journal of Cycle Research for October
1955. A cory of this paper is being sent you herevith. It gives you an example
of wave separation by means of welghted moving averages. It also gives you
amplitude tables for 5k different moving average formulae each apnlied to sine waves
of 63 different wave lensths—a total of 3,402 values. It gives you examples of
amplitude charts. You should corsider this paper of Hr. Yeatman's and its tabdles
and charts as part of this lesson.
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Weighted lioving Averaze of Veighted | oving Averages

There i3 nz reason whky y~n carnnt commite = veighted moving nverope of a
weighted movineg average. Ore ue . g ted movirs averace vill oliminate or minimize
eycles of certain lengthe; arother veiphted rmoviry, nvarage rill elininate or
minimize cyclere of other leppthis, R this preceess von can oot the Cycle you are
interested in rovanled mare npd more ela~rly—-—if 1t in present,

oin 1 aRY

The weizhted moviv» ~vevn e 19 a marvelong tonl for ittt ring" a scries cf

figures so that certain ryclec and vandoans can te nore or less minimized and other
cycles can ba 1aft relatively un . fiected,
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L7Ssel XX
Suprlement 1
¥, C. YZATIIAN'S TAITR
Veighted movirg averages are so imnortant in cycle enalysis that
I asked lir. WV, C. Yeatmnn ¢f Tos Angeles to ellow me to orint a paper
on this subject whick he had uritten a munber of yecars ago. He con-
sented. Thn papver hss been nrinted. |

The issus of the Journal of Cycle Resgenrch ncnteining it (October

1955) is being sent rou heresith. 1t uill svimlement what I have
written in Lesson XX. [t will provide you with many useful reference
tables. It will glve ycu examples of amplitude charts. 1 trast you

will find it helnful,
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LESSON XX
Supplement 2
YEATMAN'S AMPLIFICATION TABLE

Question: Do you know of any interpolation formula which can be used with a table,
such as Table 1 of the October '55 Journsl which accompanied Lesson XX to inter-
polate values for any fractional cycle length for constructing amplitude charts
and restoring cycle amplitudes?

Since the Yeatman-Lane tables are for sine waves and since we usually consider
our cycles to be symmetrical zigzag waves, I am trying to make up my own table for
2igzag cycles. There is quite a difference in the amplification factors.

Answer: No, I don't know of any interpolation formula for Yeatman's table, nor
do I know of any table for zigzag waves.

I should, however, perhaps call your attention to the fact that you can get
interpolated values from the table itself,

For example, a 3-item wave in the O7 Column can be considered as a 6-item
wave in the 014 Column or a 12-item wave in the 028 Column or a 2h-item wave in
the 056 Column snd all other values pro-rate.






A METHOD FOR SEPARATING CYCLES

AND

ITS

USE IN CONJUNCTION WITH OTHER METHODS

by W. C. Yeatman

HE method described is intended to
T separate a cycle from others which

may accompany it, and from the trend
line as well. It shows the cycle as a
continuous function in its true size. The
operation loses points at each end of the
series, but if the cycle is showmn to be a
true one, with regular recurrence, it may
be extended to the present time. Where a
number of cycles exist in the data, they
may be processed to develop each one
separately.

Due to the lack of a short descriptive
name, this method is listed as 9, with
variations 9-A, 9-B, 9-C and 9-D. The
method is designed to eliminate, as far
as possible, all other cycles than the one
being worked on, and to show it as a con-
tinuous wave. It might be called a method
of moving sums and differences, and it is
in effect a mathematical wave filter.

The original 9, (now called Method
9-C), was based on the simple idea of
eliminating a wave by subtracting the
figure one wave length earlier. This pro-
cess is commonly used to eliminate a
twelve months cycle, or seasonal variation.
Many kinds of statistics are given com-
paring the data for the current month with
that for the same month of the previous
year, without any thought that this is a
mathematical process, as well as a com-
parison,

It is usual, in a process of this sort,
to designate the month being worked on by
the reference month number 0 (zero). A

month 12 months earlier will hereafter be
called 12B, or 12 months before. One 20
months earlier would be 20B. When a month
later than that being worked on is used
the letter A will follow the number, to
show that it is a certain number of months
after the reference month.

In carrying out this process it is con-
venient to obtain cross-section paper in
rolls, to cut it to the width needed for
the various operations, and of a length
sufficient to put the entire data in the
first column. The vertical spacing of the
figures will be uniform throughout the
entire data, and cut-outs can be made of
the same paper, with openings, or windows,
the desired number of months apart. If
the operation being made is 0 - 128 the
openings will be 12 months apart, and the
figure derived by this subtraction would
be put in the second column opposite the
reference month 9. It is convenient to use
a black pencil for plus figures, and a red
one for minus figures.

Using 0 - 12B on a long column of
monthly figures would completely eliminate
a 12 months cycle, but would leave e com-
plex picture of all other waves present.
One difficulty with this process is that
the phase of associated waves is shifted.
With this operation all waves between 12
and 24 months would be shown late, their
tops and bottoms in the derived figures
being shown after their true position. A
wave 24 months long would be shown in its
true position, and of double size. All

Subscription to the Journal of Cycle Research costs $5.00 a year. Single copies are $£1.25 each.
Send your check to the publication office, Foundation for the Study of Cycles, 680 West End Av.
New York 25, New York. : :
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waves longer than 24 months would be shown
earlier than their true position. If a
large number of waves is present, the use
of this method leaves a distorted jumble
that is not a true picture of the remaining
rhythms., A further discussion of this
- method, 9-C,and 9-D, will be given at
the end of this paper. .

Methods 9-A and 9-B were designed to
avoid this phase shift, and to give greater
selectivity in wave elimination. They
involve the use of points BOTH earlier and
later than the reference month. All remain-
ing waves, after repeated operations by
this process are left in their true
position, there being no phase shift what-
ever, Cut-outs for these operations would

require three windows, the reference month

(0) being in the middle.

Method 9-A uses the formula 0 -
(XA + XB), X being the number of months
after and before the reference month for
the desired operation. This will eliminate
a wave of length X, X/2, X/3, X/4, etc. It
will double the size of a wave of the
length 2X, 2X/3, 2X/5, 2X/7, etc. The
amount of amplification or reduction of all
waves which may be present may be found
from Table 1.

Method 9-B uses the formula 0 +
%(XA #+ XB). This will double the size of
a wave of length X, X/2, X/3, X/4, etc. It
will eliminate a wave of length 2X, 2X/3,
2X/5, 2X/7, etc. Its effect of amplifica-
tion or reduction on any wave which may be
present will be found from the same table
used for Method 9-A, except that in this
case the figure of the tables is to be
subtracted from 2.000. Method 9-3, like
9 . A, gives no phase shift to the remaining
waves.

These methods may be combined, and
repeated several times, to amplify the
wave being studied, and reduce the size of
others which may be present. Such a
multiple operation might be 0 - %(XA + XB)

of 0 ¢ %(YA *YB) of 0 - 4(ZA + ZB), the
distances X, Y and Z being chosen to
effect the purpose desired. To obtain the
true size of the resultant wave one would
multiply the emplification figures given
in Table 1, for the three operations in
question. An example of the planning for
developing a wave is given below. In
the case of a series of operations of this

sort it makes no difference in the final
result which one is done first, though one
combination may give a set of starting
figures more convenient for the succeeding
operations.

A concrete example of the use of this
process is given in Table 2,where three
sine waves 11, 17 and 24 time periods long
are added in column 4. The length of data
is 96 time periods long, far too short for
separation by periodic table. (For PERFECT
separation by periodic table the data would
have to be the least common multiple of
the three lengths, or 4438 time periods
long). Each wave is developed by two
operations to remove the other waves. In
developing wave 11, the first operation
removes wave 24, and the next one wave 17.
The anplifi/cation for the first operation
is 1.8417 this being 2.000 minus the
figure in column 0-12, for wave 11. The
second operation amplifies wave 11 by
1.959, this being taken from the column
0-17, for wave 11. The product of these
two figures is 3.A0A, which is the divisor
used to get the true size of the wave. The
divisors for waves 17 and 24 are obtained
in the same manner.

Another example of this processis shown
in Table 3 , where waves 20 and 36 months
long are added to a trend line. From the
sum in column 4 each wave is derived, and
the trend line as well. For the 20 months
wave the first operation doubles the size
of the wave and removes the trend line,
(See intersection of column 0-10 with wave
20 in Table 1). The next removes the 34
months wave, and amplifies 20 by 1.809.

(See intersection 0-18 column with wave 20,
the figure .191 being subtracted from

- 2.000 for a 9-B operation). The divisors

for the other operations are obtained in
the same manner. The trend line could be
found by subtracting the two waves, but
it can also be developed by Method 9-B,
removing the waves, and leaving the trend
line, as shown in the last column.

The second example shows that waves can
readily be separated from a straight trend
line. While the same degree of precision
cannot be expected where the trend line is
a curve, or of an extremely irregular
form, the results are surprisingly good
in such cases.

These two examples are on synthetic data,
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where the figures are precise. It is inter-
esting to try the method on observational
data, containing observational errors and
randoms. A set of tidal measurements, for
Morro, Calif., is given in the Coast &
Geodetic Survey ‘Manual of Harmonic Analy-
sis and Prediction of Tides”, As Measure-
ments are given only to the nearest tenth
of a foot, an observational error might
be as large as .05 foot. The effect of
winds would cause random errors. Method
9 wasused on the tidal data given, and
the result is shown in Figure 1.

The solar and lunar tides are so nearly
the same length that they are treated as a
single wave by this method. A dying away of
the diurnal component is shown when the
two forces are approaching opposition, the
effect of wave interference. This inter-
ference is much less in the semi-diumal
wave. The quarter-diurnal wave was com-
puted, and added into the total, but not
plotted. The ter-diurnal, sixth-diurnal,
and eight-diurnal were so small that they
were omitted from the computations. The
sum of the three waves derived looks
almost the same as the original tidal
observations. The sum was then subtracted
from the observational figures, and the
di fferences were plotted to double scale.
These differences consist of the three
small waves omitted, randoms, and the
fortnightly tide reaching a low about
February, 16th.

The method cannot be used to separate
waves of nearly the same length. It will
carry them as a pair, or group. Its use
finds many cases formerly thought of as a
single wave to be compound, either a pair
or a group. Many persons have spoken of the
action of two waves nearly the same length
as if their sum produced a wave of inter-
mediate length. A synthetic investigation
of a binary wave is a simple matter, and
two graphs are appended (Figures 2 and 3)
showing the effect of adding two sine
waves 15 and 16 months, and 15 and 18
months long, of di fferent amplitudes.

The first combination cannot be sepa-
rated by this method, but would be carried
through just as shown on Figure 2. The
second combination of 15 and 18 months are
of enough difference in length to separate
the combination into the two components.
By the use of periodic tables 15 and 16

could be exactly separated by using the
synodic period of 240 months, or multiples
of it. For 15 and 18 the synodic period 1is
90 months, and periodic table separation
would require the use of this length, or a
multiple of it. In many cases of cyclical
data there are so many other waves present
that interference with them exists when
the synodic period for a pair is used.
But if a pair like 15 and 1f are separated
from other waves, by Method 9, the re-
sulting figures can be put into a periodic
table 210 months long to separate the waves
from each other.

One adventage of Methods 9-A and 9-B
is that the operations are not tied down
to an assumed wave length. A periodic table
is based on an assumption of the length of

"the wave. If the true length is only

slightly different from the length used in
the periodic table the amplitude will be
too small, and the wave out of phase at
each end. With Methods 9-A and 9-B there
is perféct freedom of length. If the wave
comes out a different length from what was
expected, the divisor obtained from Table
1 can be changed to fit the length found.
Jf the wave is an economic one, due
to some such thing as inventory accumula-
tion and reduction, it may have a varying
length. This method will follow the chang-
ing length with fidelity, with a slight
error in amplitude, due to the fact that
the divisor should change with the length.
One might say that an economic wave due to
inventory changes is not a true rhythm.
Even so the method will show how true it
is.

One of the most difficult things about
the process is planning the operations so
that the wave being developed gets as
little interference as possible from other
waves present. One should assume that a
vide range of other waves may be present,
and plan to nearly eliminate all of them.
To show the planning involved, amplifica-
tion figures are given for the development
of a wave seven weeks long. :

The figures in the first column are
taken from column 0-3 of Table 1 reading
the values opposite the wave lengths shown.
Wave length 2 does not appear in the table,
but the value is the same as 0-%4(6A ¢ AB)
of wave length 4. The figures for the
second column are the product of those in
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WAVE 0-% 0-% 0+Y% 0-%
LENGH (3A13B) (4A448) (1A91D) (18A+183)
2 2.000 . 000 .000 =000
3 .000 .000 .000 . 000
4 1.000 . 000 .000 .000 To be
S 1.809 1. 250 .239 .442 added
6 2.000 3.000 4.900 .000 if nec-
1 1.899 3.602 7.904- 13.890 essary
R 1.707 3.414¢ 5.82- 5.820
9 1. 500 2.910 3.420 .000
10 1.309 2. 3RR 1.K25 1.122
11 1. 143 1.891 657 1.087
12 1.000 1. 500 . 201 .402
13 .880 *1.193 035 J0A1
14 77 .951 .000 .000
15 .691 L164 .017 .012
16 .617 L617 .047 .003
18 .500 . 413 .097 .000
20 . 412 . 285 117 .022
22 . 347 . 203 119 .078
24 .293 . 146 .108 . 108
26 .252 . 109 .095 .130
28 .21R .082 .082 .B3
30 191 .063 -070/ 137
32 .169 .050 . 060 115
34 .151 .039 .050 .099
40 .109 .021 .060

the first colunn and those for the opera-
tion of the second column. Those in the
third colum are the roduct of the figures
in the second column and those for the
operation 0 + %(7A + 7B) of the third
column. As column 3 is a 9-B operation
the amplification will be 2.000 minus the
figures found in the 0-7 column of Table
1. Each column shows the progress of the
operations to that point on the list of
waves considered. In searching for this 7
week wave the nearest known waves were 4
and 14 weeks long. The band of waves near
7 weeks shown in the third column is
rather broad, and if the result of the
first three operations shows the presence
of another wave near 7 weeks a much higher
degree of selectivity can be obtained by
the fourth operation.

In meny cases a preliminary smoothing
operation of the data is desirable by a
moving average. Where exact results are
desired for the amplitude of the wave the
amount of reduction caused by this moving
average should be considered. A table of
moving average reductions is given in

-

.031

Table 4, which by simple proportion can
be used for any length of wave and moving
average. If a 3 moving average were used
for the operations of the last page, its
effect would be calculated for each of the
wave lengths showm before that of the 9-A
and 9-B operations.

A 2-3-4 moving average is a combination
often used for smoothing of erratic data.
To get the effect of this on a set of waves
like those on the last page, three colums
would have to be set up, showing the
reduction by each operation on each wave
length. The effect of this set of opera-
tions on a wave 108 months long would be
trivial, only reducing the wave to .996 of
true size, but an 8 months wave would be
reduced to .45 of its true amplitude.

To supplement the tables of amplifica-
tion factors ( Table 1), Figure §is made
of a typical operation for each of Methods
9-A and 9-B. This shows that for each of
these operations the curve oscillates from
2.000 to 2ero with greater and greater
frequency as the waves become shorter. One
way to avoid the interference from short



